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Theorem (Tverberg 1966)

Given (r — 1)(d + 1) + 1 points in R, there is a partition of them
into r pieces so that the convex hulls of the parts intersect.
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There are several proofs methods to approach this kind of results.

(Tverberg) Move points continuously

(Bérany) Equivariant topology

(Sarkaria) Extend linear algebra
(Roudneff) Optimization

Goal of the talk: Go over Sarkaria's method and results that can be
obtained by modifying it. Then, talk about results which look very
different.
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Conjecture (Sierksma)

Given (r — 1)(d + 1) + 1 points in R, there are at least (r — 1)!¢
different Tverberg partitions.
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e Diagonal of “stretched grid" [Bukh, Loh, Nivasch 2017+].
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Warm-up: two
hard problems

Dutch cheese conjecture

Conjecture (Sierksma)

Given (r — 1)(d + 1) + 1 points in R, there are at least (r — 1)!¢
different Tverberg partitions.

Examples:
e Clusters around simplex.
L)
..
[ ] ...
e o
o ©

e Diagonal of “stretched grid" [Bukh, Loh, Nivasch 2017+].
e Only known non-trivial case is r = 3, d = 2 [Hell 2008]
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in the set so that

conv(A\ {x})Nconv(B\ {x}) =0



Linear versions of
Tverberg's
theorem

Pablo Soberdn

Warm-up: two
hard problems

Larman’s problem

Conjecture (Larman)

For each d, there is a set of 2d + 2 points in R? so that the following
holds. For any partition of them into two sets A, B there is a point x
in the set so that

conv(A\ {x})Nconv(B\ {x}) =0

e Impossible with 2d 4 3 points. [Larman 1972]



Linear versions of
Tverberg's
theorem

Pablo Soberdn

Warm-up: two
hard problems

Larman’s problem

Conjecture (Larman)

For each d, there is a set of 2d + 2 points in R? so that the following
holds. For any partition of them into two sets A, B there is a point x
in the set so that

conv(A\ {x})Nconv(B\ {x}) =0

e Impossible with 2d 4 3 points. [Larman 1972]
e Known for d < 4 [Forge, Las Vergnas, Schuchert 2001].



Linear versions of
Tverberg's
theorem

Pablo Soberdn

Warm-up: two
hard problems

Larman’s problem

Conjecture (Larman)

For each d, there is a set of 2d + 2 points in R? so that the following
holds. For any partition of them into two sets A, B there is a point x
in the set so that

conv(A\ {x})Nconv(B\ {x}) =0

e Impossible with 2d 4 3 points. [Larman 1972]
e Known for d < 4 [Forge, Las Vergnas, Schuchert 2001].
e Known with {%W + 2 points [Ramirez-Alfonsin 2001]



Linear versions of
Tverberg's
theorem

Pablo Soberdn

Warm-up: two
hard problems

Larman’s problem

Conjecture (Larman)

For each d, there is a set of 2d + 2 points in R? so that the following
holds. For any partition of them into two sets A, B there is a point x
in the set so that

conv(A\ {x})Nconv(B\ {x}) =0

e Impossible with 2d 4 3 points. [Larman 1972]
e Known for d < 4 [Forge, Las Vergnas, Schuchert 2001].
e Known with {%W + 2 points [Ramirez-Alfonsin 2001]



Proving Tverberg's theorem

«O>r «Fr «=>»

«E)»

DA



Linear versions of
Tverberg's
theorem

Proving Tverberg's theorem

Pablo Soberdn

Tverberg's
theorem

Warm-up: two
hard problems

Sarkaria's

technique

Vo If you are confronted with a Tverberg-type theorem, what ideas are
):/‘I:n Sarkaria usefu|7

(P, q) theorems



Tverberg's brother: Colorful

Carathéodory

«O»r <« F»

it
-

DA



Linear versions of
Tverberg's
theorem

Pablo Soberdn
Tverberg's

theorem

Warm-up: two

hard problems

Sarkaria's
technique

Variations

When Sarkaria
fails

(p, q) theorems

Tverberg's brother: Colorful
Carathéodory

Theorem (Barany 1982)

Given d + 1 sets Xy,...,Xq41 in RY whose convex hulls contain the
origin, there is a colorful choice x; € X1, ..., x4+1 € Xgy1 such that
the convex hull of {x1,...,x4+1} contains the origin.
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Given d 4+ 1 sets Xi,..., X411 whose convex hulls contain the origin,
there is a colorful choice x; € X1, ...,Xq11 € Xga1 such that the
convex hull of {x1,...,x4+1} contains the origin.

If we have | X;| = 2 for all /, we may assume without loss of generality
that the origin is the midpoint of the segment conv X;.
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Theorem (Barany 1982)

Given d 4+ 1 sets Xi,..., X411 whose convex hulls contain the origin,
there is a colorful choice x; € X1, ...,Xq11 € Xga1 such that the
convex hull of {x1,...,x4+1} contains the origin.

If we have | X;| = 2 for all /, we may assume without loss of generality
that the origin is the midpoint of the segment conv X;.

Every colorful choice can be identified with the face of an octahedron
Zg*...*Zgng.
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Theorem (Barany 1982)

Given d 4+ 1 sets Xi,..., X411 whose convex hulls contain the origin,
there is a colorful choice x; € X1, ...,Xq11 € Xga1 such that the
convex hull of {x1,...,x4+1} contains the origin.

If we have | X;| = 2 for all /, we may assume without loss of generality
that the origin is the midpoint of the segment conv X;.
Every colorful choice can be identified with the face of an octahedron

Zg*...*Zgng.
|

d+1
Opposite points of S? are represented by points symmetric by the
origin.
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Theorem (Barany 1982)

Given d 4+ 1 sets Xi, ..., Xq+1 whose convex hulls contain the origin,
there is a colorful choice x; € X1, ..., X411 € Xq41 Such that the
convex hull of {x1,...,xq44+1} contains the origin.

If we have | X;| = 2 for all i, we may assume without loss of generality
that the origin is the midpoint of the segment conv X;.
Every colorful choice can be identified with the face of an octahedron

Z2*...*Z2gsd.
———

d+1
Opposite points of S? are represented by points symmetric by the
origin.
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Given d 4+ 1 sets Xi, ..., Xq+1 whose convex hulls contain the origin,
there is a colorful choice x; € X1, ..., X411 € Xq41 Such that the
convex hull of {x1,...,xq44+1} contains the origin.

If we have | X;| = 2 for all i, we may assume without loss of generality
that the origin is the midpoint of the segment conv X;.
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Given d + 2 points in R9, there is a partition of them into two parts
A, B such that their convex hulls intersect.

The result above follows directly from an affine dependence on the
points.
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Sarkaria’s transformation

Theorem (Radon 1921)

Given d + 2 points in R9, there is a partition of them into two parts
A, B such that their convex hulls intersect.

The result above follows directly from an affine dependence on the
points.

How do we extend those ideas to general Tverberg partitions?
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points in R"™1 as coefficients.

Consider uy, ..., u, as the vertices of a regular simplex in R"~1
centered at the origin.
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Sarkaria’s transformation

The goal behind Sarkaria's proof of Tverberg's theorem is to use
points in R"™1 as coefficients.

Consider uy, ..., u, as the vertices of a regular simplex in R"~1
centered at the origin.
Given a point a € RY, consider the points constructed as follows:

a—(a,1)®uj e ROV for j=1,...,r.



Sarkaria’s transformation

ar ()@ u e RV for j=1... r.

«O>r «Fr «=>»

«E)»

DA



Linear versions of
Tverberg's
theorem

Pablo Soberdn
Tverberg's
theorem

Warm-up: two
hard problems

Sarkaria's
technique

Variations

When Sarkaria
fails

(p, q) theorems

Sarkaria’s transformation

a—(al)®uje REDC=D for j=1,...,r.

Let's see what happens if r =2



Linear versions of
Tverberg's
theorem

Pablo Soberdn

Sarkaria’s transformation

Tverberg's
theorem

2 (1)@ e RO for j—1 .

Sarkaria's

technique Let's see what happens if r =2

Variations

When Sarkaria

fails

(P, q) theorems




Sarkaria’s transformation

«O>r «Fr «=>»

«E)»

DA



Linear versions of
Tverberg's
theorem

Sarkaria’s transformation

Pablo Soberdn

Tuerberg’s If we are given points ay, ..., a, € R?, then we can do the
theorem .
I transformation to each.

hard problems

Sarkaria's
technique

Variations

When Sarkaria
fails

(P, q) theorems



Linear versions of
Tverberg's
theorem

Pablo Soberdn

Sarkaria's
technique

If we are given points ay, .
transformation to each.

A1y ...

y n 4—p

Sarkaria’s transformation

(a1,1) ® uy
(alv 1) & ug

(alv 1) & Uy

..,an € RY, then we can do the

(ana 1) ® Ui
(ana 1) @ U2

(an,1) @ u,
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If we are given points ay, ..., a, € R?, then we can do the
transformation to each.
- (a1,1) @ uy (an,1) @ uy
cethmies (a1,1) ® uy . (an,1) @ ug
a1y s O e
(a1,1) @ u, (an,1) @ u,

Tverberg partitions in r parts in RY correspond one-to-one to colorful
Carathéodory choices in R(4+D(r—1),
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Sarkaria’s transformation

If we are given points ay, ..., a, € R?, then we can do the
transformation to each.
(a1,1) @ uy (an,1) @ uy
(a1,1) @ ug (an,1) @ ug
Ay On 4—p
(a1,1) ® u, (an,1) ® uy

Tverberg partitions in r parts in RY correspond one-to-one to colorful
Carathéodory choices in R(4+D(r—1),

We can obtain variations of Tverberg's theorem if we modify the
transformation.
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Example 1: Tverberg plus minus

Suppose that you are given (r — 1)(d + 1) + 1 points in R? in
sufficiently general position.

Now, suppose you are given a partition of them into r parts
A1, ..., A, such that |A;] < d + 1 for all i.
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Example 1: Tverberg plus minus

Suppose that you are given (r — 1)(d + 1) + 1 points in R? in

sufficiently general position.

Now, suppose you are given a partition of them into r parts
Variations A1, ..., A, such that |A;] < d + 1 for all i.

Then,

r

M aff(4) = {p}

Jj=1

for some p € RY.
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Example 1: Tverberg plus minus

Theorem (Tverberg plus minus, Barany, S.- 17+)

Let S be a set of (r — 1)(d + 1) + 1 points in R? in sufficiently
general position. Let M C S be a subset of at most r — 1 points such
that conv M N conv(S \ M) = 0.
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Example 1: Tverberg plus minus

Theorem (Tverberg plus minus, Barany, S.- 17+)

Let S be a set of (r — 1)(d + 1) + 1 points in R? in sufficiently
general position. Let M C S be a subset of at most r — 1 points such
that conv M N conv(S\ M) = 0. Then, there is a partition of S into
r sets Ay, ..., A, so that

r

(aff(A;) # 0,

j=1

and in the affine combinations that witness the intersection precisely
the coefficients of M are negative.
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Example 1: Tverberg plus minus

Theorem (Tverberg plus minus, Barany, S.- 17+)

Let S be a set of (r — 1)(d + 1) + 1 points in R? in sufficiently
general position. Let M C S be a subset of at most r — 1 points such
that conv M N conv(S\ M) = 0. Then, there is a partition of S into
r sets Ay, ..., A, so that

r

(aff(A;) # 0,

j=1

and in the affine combinations that witness the intersection precisely
the coefficients of M are negative.

M = () is Tverberg's theorem.
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Example 1: Tverberg plus minus

Variations

Proof: In Sarkaria’s transformation, if a; € M, consider instead

3 (a1 @ ufor =1,

Problem

Find all integers k such that for any (r — 1)(d + 1) + 1 points in RY
in sufficiently general position, there is a partition of them into r
parts whose affine hulls intersect and in the affine combinations that
witness the point of intersection there are exactly k negative
coefficients.
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o Given d + 1 sets Xi, ..., Xq41 in RY whose convex hulls contain the
FEE origin, there is a colorful choice x; € X1, ..., x4+1 € Xq+1 such that
Variatiens the convex hull of {x1,...,x4+1} contains the origin.
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Theorem (Barany 1982)

Given d + 1 sets Xy,...,Xq41 in RY whose convex hulls contain the
origin, there is a colorful choice x; € X1, ..., x4+1 € Xq+1 such that
the convex hull of {x1,...,x4+1} contains the origin.

What if we have more color classes?
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Example 2: Tverberg with
tolerance

Theorem (Barany 1982)

Given d + 1 sets Xy,...,Xq41 in RY whose convex hulls contain the
origin, there is a colorful choice x; € X1, ..., x4+1 € Xq+1 such that
the convex hull of {x1,...,x4+1} contains the origin.

What if we have more color classes?

Theorem (S.- 17+)

Given N sets Xy, ..., Xy of r points each whose convex hulls contain
the origin, there is a colorful choice x; € Xi,...,xy € Xy such that
every half-space that contains the origin also contains at least

g — \/@ points of {x1,...,xn}.
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Example 2: Tverberg with
tolerance

Theorem (Barany 1982)

Given d + 1 sets Xy,...,Xq41 in RY whose convex hulls contain the
origin, there is a colorful choice x; € X1, ..., x4+1 € Xq+1 such that
the convex hull of {x1,...,x4+1} contains the origin.

What if we have more color classes?

Theorem (S.- 17+)

Given N sets Xy, ..., Xy of r points each whose convex hulls contain
the origin, there is a colorful choice x; € Xi,...,xy € Xy such that
every half-space that contains the origin also contains at least

g — \/@ points of {x1,...,xn}.

Proof: Make a random choice, use the probabilistic method.
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tolerance

We have a colorful Carathéodory that resists the removal of points. If
we “process it” through Sarkaria’s machinery, we get the following.

Theorem (Tverberg with tolerance, S.- 2017+)

Given r,t,d, there is an integer N = rt + O(r>v/td + r3d) such that
among any N points in RY, there is a partition of them into r sets
A1, ..., A, such that for every subset C of t of the points, we have

n conv(A;\ C) # 0.
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Example 2: Tverberg with
tolerance

We have a colorful Carathéodory that resists the removal of points. If
we “process it” through Sarkaria’s machinery, we get the following.

Theorem (Tverberg with tolerance, S.- 2017+)

Given r,t,d, there is an integer N = rt + O(r>v/td + r3d) such that
among any N points in RY, there is a partition of them into r sets
A1, ..., A, such that for every subset C of t of the points, we have

n conv(A;\ C) # 0.

Previous versions with N = rt + o(t) were known before, using
geometric Ramsey-type results. [Garcia-Colin, Raggi, Roldan-Pensado
2017+]
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(p, ) theorems Prove a non-trivial Topological version of Tverberg with tolerance.
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Example 3: colored Tverberg

Suppose we are given families of r points each instead of points.

Theorem (Col. Tverberg with equal coefficients, S.- 2013)
Given (r — 1)d + 1 families Fi, ..., F(;_1)g+1 Of r points each in RY
(considered as color classes), there is a colorful partition of them into
r sets A1, ..., A,such that their convex hulls intersect using the
coefficients of the same convex combination.
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Example 3: colored Tverberg

Suppose we are given families of r points each instead of points.

Theorem (Col. Tverberg with equal coefficients, S.- 2013)
Given (r —1)d + 1 families Fy, ..., F(,_1)d+1 of r points each in R4
(considered as color classes), there is a colorful partition of them into
r sets A1, ..., Arsuch that their convex hulls intersect using the
coefficients of the same convex combination.
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Example 3: colored Tverberg

Suppose we are given families of r points each instead of points.

Theorem (Col. Tverberg with equal coefficients, S.- 2013)

Given (r —1)d + 1 families Fy, ..., F(,_1)d+1 of r points each in R
(considered as color classes), there is a colorful partition of them into
r sets Ay, ..., A.such that their convex hulls intersect using the
coefficients of the same convex combination.
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Example 3: colored Tverberg

Suppose we are given families of r points each instead of points.

Theorem (Col. Tverberg with equal coefficients, S.- 2013)

Given (r —1)d + 1 families Fy, ..., F(,_1)d+1 of r points each in R
(considered as color classes), there is a colorful partition of them into
r sets Ay, ..., A.such that their convex hulls intersect using the
coefficients of the same convex combination.
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Warm-up: two
hard problems

Sarkaria's
technique

Variations

When Sarkaria
fails ¢ ® -

(p, @) theorems Proof: Given F = {zi,...,2} we can consider

r
]-"»—)Zz,-@u,-HE]Rd(’_l) fort=1,2,...,r

j=1

Topological version in [Blagojevié, Frick, Ziegler 2014]
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Sarkaria's technique

Sarkaria’s proof of Tverberg problem has several neat properties.



Linear versions of
Tverberg's

Sarkaria's technique
' Pablc; Soberdn
Tverberg's

theorem

Warm-up: two

Sl Sarkaria's proof of Tverberg problem has several neat properties.

Sarkaria's
e e There are many ways to modify it.

Variations

When Sarkaria

fails

(P, q) theorems



Linear versions of
Tverberg's
theorem

Pablo Soberdn

Sarkaria's technique

Tverberg's

theorem

Warm-up: two

e Sarkaria's proof of Tverberg problem has several neat properties.
o e There are many ways to modify it.

Variations . . i

s e These modifications can be combined.

fails

(p, q) theorems



Linear versions of
Tverberg's
theorem

Pablo Soberdn

Sarkaria's technique

Sarkaria’s proof of Tverberg problem has several neat properties.

e There are many ways to modify it.

Variations

e These modifications can be combined.

e We obtain either interesting results or indications of meaningful
variations.
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Sarkaria's technique

Sarkaria’s proof of Tverberg problem has several neat properties.

There are many ways to modify it.
These modifications can be combined.

We obtain either interesting results or indications of meaningful
variations.

It's a good source of topological problems.
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Theorem (Integer Radon, Bezdek, Blokhuis 2003)

Given 17 points with integer coordinates in R3, there is a partition of
them into two sets A, B such that their convex hulls share a point
with integer coordinates.

When Sarkaria
fails
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oo Theorem (Integer Radon, Bezdek, Blokhuis 2003)

v Given 17 points with integer coordinates in R3, there is a partition of
Seftenin them into two sets A, B such that their convex hulls share a point
with integer coordinates.

When Sarkaria
fails

p, q) theorems




Linear versions of
Tverberg's
theorem

Versions where Sarkaria’s

. technique fails

Pablo Soberdn

Theorem (Integer Radon, Bezdek, Blokhuis 2003)

Given 17 points with integer coordinates in R3, there is a partition of
them into two sets A, B such that their convex hulls share a point
with integer coordinates.

When Sarkaria
fails

Problem
The result above fails if we use 10 points or less. What is the
minimum number of integer points to guarantee such a Radon
partition?
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Integer Tverberg

Integer Tverberg can be naturally extended, and we can expect more.
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Integer Tverberg can be naturally extended, and we can expect more.

Definition
Let ZT(r, d) be the smallest integer such that among any ZT(r, d)
points of Z there is a partition of them into r parts Ay, ..., A, such

_ that their convex hulls share a point of Z7.
When Sarkaria
fails
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Integer Tverberg

Integer Tverberg can be naturally extended, and we can expect more.

Definition
Let ZT(r, d) be the smallest integer such that among any ZT(r, d)
points of Z there is a partition of them into r parts Ay, ..., A, such

that their convex hulls share a point of Z7.
It's known that (r — 1)29 +1 < ZT(r,d) < (r — 1)d2? + 1.
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Integer Tverberg

Integer Tverberg can be naturally extended, and we can expect more.

Definition
Let ZT(r, d) be the smallest integer such that among any ZT(r, d)
points of Z there is a partition of them into r parts Ay, ..., A, such

that their convex hulls share a point of Z7.
It's known that (r — 1)29 +1 < ZT(r,d) < (r — 1)d2? + 1.
Problem

Determine the asymptotic behavior of ZT (r,d). Is it closer to r2¢ or
to rd297?
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Integer Tverberg

Integer Tverberg can be naturally extended, and we can expect more.

Definition
Let ZT(r, d) be the smallest integer such that among any ZT(r, d)
points of Z there is a partition of them into r parts Ay, ..., A, such

that their convex hulls share a point of Z7.
It's known that (r — 1)29 +1 < ZT(r,d) < (r — 1)d2? + 1.
Problem

Determine the asymptotic behavior of ZT (r,d). Is it closer to r2¢ or
to rd297?

What if instead we want the intersection of the convex hulls to be
large?
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Let r,d be positive integers. Given (r —1)(d + 1)+ 1 points in RY
there is a partition of them such that

diam ﬂconv(Aj) >1
j=1
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Let r,d be positive integers. Given (r—1)(d 4+ 1)+ 1 intervals of
length 1 in RY there is a partition of them such that

diam ﬂconv(UAj) >1
j=1
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length 1 in RY there is a partition of them such that
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Theorem ()

Let r,d be positive integers. Given r-f(d) intervals of length 1 in
R there is a partition of them such that

diam ﬂconv(UAj) >1
j=1
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Let r,d be positive integers. Given r - f(d) intervals of length 1 in
R there is a partition of them such that

diam ﬂconv(UAj) >1
j=1
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Theorem ()

Let r,d be positive integers, € > 0. Given r - f(d,e) intervals of
length 1 in RY there is a partition of them such that

diam ﬂ conv(UAj) | >1—¢
j=1
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Theorem (S.- 2016)

Let r,d be positive integers, € > 0. Given r - f(d,e) intervals of
length 1 in RY there is a partition of them such that

diam ﬂ conv(UAj) | >1—-¢
j=1
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Theorem (S.- 2016)

Let r,d be positive integers, ¢ > 0. Given r - f(d,¢)
length 1 in R? there is a partition of them such that

diam nconv(UAj) >1—c¢
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Let r,d be positive integers, ¢ > 0. Given r - f(d,¢)
length 1 in R? there is a partition of them such that
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Theorem (S.- 2016)

Let r,d be positive integers, € > 0. Given r - f(d,¢)

Diameter Tverberg

length 1 in RY there is a partition of them such that

r
diam ﬂ conv(UAj) | >1—¢
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Theorem (S.- 2016)

Let r,d be positive integers, € > 0. Given r - f(d,¢)

Diameter Tverberg

length 1 in R there is a partition of them such that

Problem
For the volume?

diam ﬂ conv(UA;)) | >1—¢

A

j=1

intervals of
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Suppose we have a way of deciding if a convex set is “large”.

Problem
Given N large convex sets in RY, when is it possible to split them
into r families A4, ..., A, such that
r
ﬂ conv(UA;)
j=1

is also large?



Linear versions of
Tverberg's
theorem

Pablo Soberdn

When Sarkaria
fails

Quantitative Tverberg theorems

Suppose we have a way of deciding if a convex set is “large”.

Problem
Given N large convex sets in RY, when is it possible to split them
into r families A4, ..., A, such that
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Problem
Given N large convex sets in RY, when is it possible to split them
into r families A4, ..., A, such that
r
ﬂ conv(UA;)
When Sarkaria J:1
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is also large?
“large” can mean...

e Non-empty
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Problem
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e Non-empty

e Has an integer point
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Problem
Given N large convex sets in RY, when is it possible to split them
into r families A4, ..., A, such that
r
ﬂ conv(UA;)
When Sarkaria J:1
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is also large?
“large” can mean...
e Non-empty
e Has an integer point

e Has k integer points
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Problem
Given N large convex sets in RY, when is it possible to split them
into r families A4, ..., A, such that
r
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e Non-empty
e Has an integer point

e Has k integer points

Has large diameter
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Problem
Given N large convex sets in RY, when is it possible to split them
into r families A4, ..., A, such that
r
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is also large?
“large” can mean...
e Non-empty
e Has an integer point

e Has k integer points

Has large diameter

Has large volume
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Quantitative Tverberg theorems

Suppose we have a way of deciding if a convex set is “large”.

Problem
Given N large convex sets in RY, when is it possible to split them
into r families A4, ..., A, such that
r
ﬂ conv(UA;)
j=1

is also large?

“large” can mean...

Non-empty

Has an integer point
Has k integer points
Has large diameter
Has large volume

Has large surface area
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Intermission: (p, q)

One of the crowning achievements in combinatorial convexity.

Theorem (Alon, Kleitman 1992)

Given p > q > d + 1, there is a constant ¢ = c(p, q, d) such that the
following holds. For any finite family F of convex sets such that out
of every p of them there are q which intersect, there are ¢ points
whose union intersects every set in F.
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Intermission: (p, q)

One of the crowning achievements in combinatorial convexity.

Theorem (Alon, Kleitman 1992)

Given p > q > d + 1, there is a constant ¢ = c(p, q, d) such that the
following holds. For any finite family F of convex sets such that out
of every p of them there are q which intersect, there are ¢ points
whose union intersects every set in F.
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results often yield (p, q) type results.
For the diameter, we have the following Helly-type result.



Linear versions of
Tverberg's
theorem

Pablo Soberdn

(p, q) theorems

An application

Linear versions of Tverberg's theorem together with fractional Helly
results often yield (p, q) type results.
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Theorem (Diameter Helly, Barany, Katchalski, Pach 1982)

Given a finite family F of at least 2d non-empty convex sets in R9, if
the intersection of any 2d of them is not empty and has diameter at
least 1, then NF is not empty and has diameter at least d 7.
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For the diameter, we have the following Helly-type result.

Theorem (Diameter Helly, Barany, Katchalski, Pach 1982)

Given a finite family F of at least 2d non-empty convex sets in R9, if
the intersection of any 2d of them is not empty and has diameter at
least 1, then NF is not empty and has diameter at least d 7.

Conjecture (Bérany, Katchalski, Pach 1982)

In the result above, we may conclude that NF has diameter at least
cd~1/? for some absolute constant c.

Theorem (De Loera, La Haye, Rolnick, S.- 2017)

Given ¢ > 0, there is an integer N(c) = ©4(c~(¢=1/2) such that the
following holds. For any finite family F of non-empty convex sets in
RY, if the intersection of any N(c) of them is not empty and has
diameter at least 1, then NJF is not empty and has diameter at least
1—e.
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Two hares

Theorem

Given, € > 0 and d, there is an integer ¢ = c(d, ) such that the
following holds. For any finite family F of at least 2d non-empty
convex sets in RY, if the intersection of any 2d has diameter at least
1, then F can be split into ¢ families F1,...,F. such that for each i,
NJF; has diameter at least 1 — .
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Problem
For the volume?
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