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6 CONTENTS

1. Great resources

The purpose of these notes is to gather selected tools and topics in combinatorial
geometry to help you, an undergraduate student, get started in research. It contains
some of the main results of this area, how they relate to each other, and some
preliminary tools and techniques which are often helpful. In essence, these notes
contain what I consider “basics of discrete geometry,” with a sprinkle of my personal
opinions.

The topology section describes how to apply some tools from algebraic topology
to discrete geometry. This is a black box topology approach (i.e., you’ll learn how
to use topology rather than how to do topology).

There are several texts on related topics, many of which are masterpieces of
mathematical writing. If you want to dive deeper, the following resources will help
substantially:

e Keith Ball. An Elementary Introduction to Modern Convex Geometry.
Flavors of Geometry, Vol 31. MSRI Publications, 1997.

e Jiri Matousek. Using the Borsuk—Ulam theorem. Universitext. Springer
2003.

e Jit{ Matousek. Lectures on discrete geometry. Graduate texts in mathe-
matics, Vol. 212. Springer Science & Business Media, 2013.

e Herbert Edelsbrunner and John L. Harer. Computational Topology, an
introduction. American Mathematical Society, 2010.

e Imre Barany. Combinatorial Convexity. University Lecture Series, Vol
77. American Mathematical Society, 2021
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CHAPTER 1

Prerequisites and basic techniques

1. Linear Algebra

This book focuses on combinatorial geometry in real spaces and assumes the
reader is familiar with basic linear algebra. The most common space we will work
with is R, the d-dimensional real space. For a finite set vy,..., v, of vectors in
RY, a linear combination of vy,...,v, is any vector v that can be written as

V=Q1V1 + ...+ QpUpn,

where aq, ..., a, are real numbers. Linear combinations lay the foundation of linear
algebra and are used to define interesting structures such as subspaces of R?. Our
first goal is to modify these notions by focusing on two particular types of linear
combinations.

We say that a vector v is an affine combination of vq,...,v, if there exist
real numbers aq, ..., a, such that

v=aqv1 + ... +a,v, and
l=a1+ ...+ a,.

We say that a vector v is a convex combination of vy, ..., v, if there exist
real numbers aq, ..., a, such that

V= Q1V1 + ...+ QpUp,
l=a1+...4+a,, and
0<a,0<as,...,0 < ay,.

Each of these types of combinations is more restrictive than the previous one.
Just as we use linear combinations to define the span of a set of vectors, we can
extend this notion to our new types of linear combinations. For a set V' C R? we
define

span(V) = {v : v is a linear combination of a finite subset of V'}
aff(V) = {v : v is an affine combination of a finite subset of V'}
conv(V) = {v : v is a convex combination of a finite subset of V'}.

We call these the linear span, affine span, and convex hull of V', respec-

tively. The affine span is also called the affine hull. One of the first observations
is that for any set V C R? we have

conv(V) C aff (V) C span(V).

We say that a set H C R? is a hyperplane if there exists v € R\ {0} and
a € R such that
H={z:(x,v) =a},

9



10 1. PREREQUISITES AND BASIC TECHNIQUES

where (-, -) denotes the standard dot product. A hyperplane H as described above
defines two closed half-spaces

H" ={z: (z,v) > a},
H™ ={z: (z,v) <a}.

Exercise 1.1 Let V be a subset of R%. If V C H for some hyperplane H, then
aff(V) C H.

Exercise 1.2 Let V be a subset of R%. If V ¢ H* for some closed half-space
H™, then conv(V) C HT.

Affine hulls and linear spans are very similar. We can embed R? into R%*! by
appending a coordinate 1 to each vector in RY,
fiRY = R
v (v,1).

Then, the set H = {f(v) : v € R} € R is a hyperplane. We can see that
for V.C R? we have

H Nspan(f(V)) = aff(f(V)).

FIGURE 1.1. For two non-parallel vectors in R?, their affine hull
is the line going through them, and their linear span is the 2-
dimensional plane going through them and the origin. The convex
hull is the segment between them.

Convex hulls are more interesting. For two points z,y, their convex hull is
the set of points of the form azx + (1 — a)y for o € [0,1]. We can rewrite this as
x + a(y — ). Notice that for « = 0 this point is x, and for e = 1 this point is y.
Therefore, the convex hull of two points is the segment between them.

Exercise 1.3 [matroid property for affine hulls] Let A ¢ R? and z,y € R?. Show
that if x & aff (A) and z € aff (AU {y}) then y € aff (AU {z}).
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Exercise 1.4 [anti-matroid property for convex hulls] Let A C R? and x,y € R%.
Show that if = ¢ conv(A4) and = € conv(A U {y}) then y & conv(A U {z}).

1.1. Dependence and independence. Among linear combinations, linear
dependences play a central role. A linear dependence of a set of vectors vy, ..., v,
in RY is a set of coefficients ay, ..., ay, such that

0=av1 +...+ apv,.

A set of vectors is called linearly independent if the only linear dependence they

have is given by a7 = ... = a, = 0. A basic fact of linear algebra is that if
v1,...,0, are linearly independent, then n < d. We now extend these notions to
affine combinations.

An affine dependence of a set of vectors vy, . .., v, in R? is a set of coefficients
ai,...,0, such that

0=aq1v1 + ...+ oty
O=a1+...4+ a,.

We say that vy,...,v, are affinely independent if their only affine depen-
dence is given by a3 = ... = a, = 0, which we also call the trivial linear de-
pendence. The second condition may seem counterintuitive at first glance. Didn’t
affine combinations require coefficients to sum to 1?7 The reason for this change is
the following lemma.

Lemma 1.1. Let vy, ..., v, be vectors in R that are affinely independent. Then,
any vector in aff{vy, ..., v, } can be expressed as an affine combination of v1,. .., v,
N a uNique way.

PrOOF. Let v € aff{vy,...,v,}. Suppose that we can express v as an affine
combination of vq,...,v, in two ways:

V=1V + ...+ a0,
v =101+ ...+ BnUn.

Then, for v; = a; — 3;, we have that v, ...,7, is an affine dependence of vy, ..., v,.
By the affinely independence, we have 0 = +; = a; — §; for all 4. This implies
a; = fB; for all i, as we wanted. O

Affine independence can be directly linked to linear dependence using either of
the two following exercises.

Exercise 1.5 Let vg,v1,...,v, be n + 1 vectors in R?. Prove that they are
affinely independent if and only if the n vectors vy — vg,...,v, — vg are linearly
independent in R?.

Exercise 1.6 Let v1,...,v, be n vectors in RY. For each i = 1,...,n, let
w; = (v;,1) € R4, Prove that the vectors vy,...,v, are affinely independent if
and only if the vectors wy, ..., w, are linearly independent in R4+1.

Using either of these characterizations, it becomes clear that for n vectors to
be affinely independent in R¢, it’s necessary that n < d + 1.
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2. Convexity

We say that a set V' C R? is convex if for every =,y € V, the segment between
x,y is contained in V. In other words, for z,y € V we also have conv({z,y}) C V.
By vacuity, we consider the empty set to be convex.

Exercise 1.7 Let B be the unit ball in R¢,
B={(x1,...,2q) 123 +...+ 25 <1}

Prove that B is convex.

Exercise 1.8 Prove that a closed half-space in R? is convex.

Exercise 1.9 Let A be a subset of R%. Prove that conv(A) is convex.

Exercise 1.10 Let A C V be sets in R%. If V is convex, show that conv(A) C V.

Exercise 1.11  Let F be a family of convex sets in R?. Show that [).F is also
convex.

Exercise 1.12 Let A C RY. Prove that conv(A) is equal to the intersection of
all convex sets containing A.

Exercise 1.13  Prove that a set V C R? is convex if and only if V' = conv(V).

Exercise 1.14 Let f: R — R! be a linear function, and V' C R? be a convex
set. Prove that f(V) is a convex set in R!.

An important property of convex sets is the hyperplane separation theorem.

THEOREM 1.2. Let A, B be two closed convex sets in R, If AN B = (), then
there exists a hyperplane H separating the two sets. In other words, one of the open
half-spaces defined by H contains A and the other contains B.

Exercise 1.15 Let A be a closed set in R?. Prove that conv(A) is equal to the
intersection of all closed half-spaces that contain A.

Exercise 1.16  Let A be a closed convex set in R?, and b a point in R? such
that b ¢ A. Show that there exists a unique point a € A such that dist(a,b) is
minimized.
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3. Simplices and simplicial complexes
4. Birkhoff’s theorem

Let us look at an example of convexity in linear algebra. We say that an m xm
matrix A is doubly stochastic if

e cach entry is non-negative,
e the sum of each of its rows is one, and
e the sum of each of its columns is one.

An example of a doubly stochastic matrix is a permutation matriz. A permu-
tation matrix P is an m X m matrix whose entries are only 0 or 1 and such that
it has exactly one 1 in each row and in each column. We can think of placing m
rooks in an m X m chessboard so that none can attack another. Alternatively, a
permutation matrix corresponds to a permutation 7 : [m] — [m] so that its entry

pji is given by
)1 ifi=7())
Pt = 0  otherwise.

It turns out that you only need to know permutation matrices if you want to
generate any doubly stochastic matrix.

THEOREM 1.3 (Birkhoff 1946 |Bir46|). Let A be an m x m doubly stochastic
matriz. Then, A is a convexr combination of permutation matrices.

PROOF. We show a graph-theoretic proof. We make a bipartite graph G with
vertex set [m] X [m] and whose edges have positive weights. We distinguish the left
component as [m]; and the right component as [m]s. If aj; > 0, we place an edge
(4,4) and give it the weight aj;.

Let R C [m];. The sum s; of the weights incident to R is at most the sum so
of the weights of all edges incident to N(R) C [m]s, the neighborhood of R. Notice
that, by the conditions of the problem, s; = |R| and sa = |N(R)|. Therefore,
|R| < |N(R)|. By Hall’s marriage theorem, there exists a perfect matching in this
bipartite graph. In other words, there is a permutation w[m] — [m] such that
ajﬂ-(j) > 0.

@S In djr(j) > 0
Let P be the permutation matrix induced by the permutation 7. Then, A — aP is
a matrix that

e only has non-negative entries,
e its column sums and row sums are constant, and
e it has at least one more zero than A.

Therefore we can repeat the argument and continue to substract scaled copies of
permutation matrices until we get the zero matrix. At this points,

A—alPl—a2P2—~-~—oszk=O,
so we have
A:CU1P1 +O¢2P2+"'+Ckkpk
where all the coefficients aq, ..., ay are positive. Their sum is the sum of columns

on the right side, which must be equal to 1 as A is doubly stochastic. Therefore,
the right side is a convex combination.
O
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5. Minkowski sum

The Minkowski sum is a way to add two sets A, B in R?. The definition is

simple
AeB={a+b:ac Abe B}

This sum satisfies some nice properties. It is commutative and it is closed for many
families of sets in R%. One intuitive way to think about this sum is to consider the
set A as a brush and B as a drawing we want to trace. We are effectively tracing
B with a big brush A. For example, if A C R? is a disk an B is a full rectangle,
then A @ B is a larger rectangle with rounded corners.

Exercise 1.17 Show that the Minkowski sum of convex sets is convex. Show that
the Minkowski sum of centrally symmetric sets is centrally symmetric.

Exercise 1.18 Let B(xz), C R? be the ball centered at = with radius r. Show
that B(z), ® B(y)s = B(x 4+ ¥)r4s-

6. Two products

In R?, we have many different interpretations of what it means to multiply two
vectors. The standard inner product (-,-) is the first one we usually find. Now we
define two additional products.

6.1. Tensor product. The tensor product is a product that can be used to
multiply vectors of different dimensions. Given two vectors z,y € R?, we can think
of them as d x 1 matrices. Then, we can write their inner product as a matrix
multiplication:

<$, y> = xTy-
By reversing the order, we can also define their tensor product as

x®y:aﬁyT.

Notice that z ® y is a d x d matrix, so we can think of it as a vector in RY.
Moreover, we can perform the same operation if z € R* and y € R?, even for a # b.
Since we define the tensor product as a product of matrices, many properties of
this product are immediate. First, let us think of - ® - as a function:

c®-:R*x R — R
(2,y) — zy”.

From the definition, it is clear that ® is a bilinear function (it is linear as a
function of  and as a function of y). The linearity will be useful for us. The first
important observation is that we can distribute sums as usual:

<Za¢$i> QY = Zai (T ®y).
i=1 i=1

Exercise 1.19 Show that, if x1, ...,z are linearly dependent vectors in R®, and
y € R®, then the vectors 71 ® v, ...,z ® y are linearly dependent.

Exercise 1.20 Let 3 € R® be a non-zero vector. Show that, the vectors z1, ...,z
in R® are in convex position if and only if the vectors, 1 ® y, ...,z ® y are in
convex position.
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Exercise 1.21 Let y € R? be a non-zero vector. Show that theset {z ® y : € R}
is an a-dimensional subspace of R%.

6.2. Exterior product.

7. Problems of Chapter 1

Problem 1. Let F = {Ky,..., K.} be a family of r closed conver sets in RY.
Prove that (\F = 0 if and only if there exists a family H = {Hy,...,H.} of r
closed half-spaces such that

e NYH =0 and

e K, CH; fori=1,...,r.

Problem 2. Consider the moment curve v in R, This curve is given by a map
v : R — R? such that v(t) = (t,2,...,t%). Prove that a hyperplane in R? cuts the
moment curve in at most d different points.

Problem 3.Let S be a set of d + 1 points in RY and p a point such that p €
conv(S). For each s € S, let ps be the orthogonal projection of p onto conv(S\{s}).
Then, let S" = {ps : s € S}. Show that p € conv(S’).






CHAPTER 2

Three Pillars of Combinatorial (Geometry

It is six in the morning
The house is asleep
Nice music is playing
I prove and conjecture
Letter from Paul Erdds to Vera Sos

1. Prelude

The 20th century marked the emergence of combinatorial geometry. In the
early 1900s, mathematicians recognized that convex sets exhibit remarkably rich
intersection properties. These sets possess enough structure to guarantee intersec-
tion properties that are absent in general families of sets, yet the notion of convexity
remains broad enough that such properties do not hold trivially.

The three fundamental theorems presented here form the foundation of a vast
array of results. This chapter introduces the initial concepts upon which much
of combinatorial geometry is built, serving as the building blocks of the field. In
recent decades, research on the intersection patterns of convex sets has accelerated
significantly, a trend driven by three key factors.

First, numerous variants of classical theorems—such as colorful and fractional
versions—have been discovered. These refinements are not only compelling in their
own right but have also enabled the resolution of long-standing problems. Many of
these results are both elegant and easy to explairﬂ

Second, combinatorial geometry lies at the intersection of topology and combi-
natorics. The geometric nature of the spaces involved provides ample opportunities
for applying topological methods, which often yield stronger results than purely
linear-algebraic approaches. The ongoing inquiry— “Is this result a consequence of
linear algebra or topology?”’—has driven much of the research in this area.

Third, the advent of computers in the 20th century transformed computational
geometry from an academic pursuit into a practical necessity. As computer science
evolved, the study of complexity classes and algorithms became indispensable. Con-
vexity plays a central role in linear programming and convex optimization, while
the combinatorial properties of point sets in R? underpin clustering algorithms and
geometric range queries. Many results in combinatorial geometry are existence re-
sults, proving, for example, the existence of certain partitions of point families or
families of sets with specific intersection properties. Computational geometers, in
turn, pose the natural follow-up question: How do you find such an object?

2. Radon’s lemma

2.1. Theorem and proof. Radon’s theorem shows an unexpected principle
in mathematics: if you want a result to be remembered, call it a lemma. The result

1Some of my comments should be taken with a grain of salt. Would you trust a shoemaker
if they claimed that shoes are the defining trait of an advanced civilization?

17



18 2. THREE PILLARS OF COMBINATORIAL GEOMETRY

of this section was only called a theorem after geometers realized that there were
many generalizations and extensions of this particular result. Radon proved it in
passing when he was proving Helly’s theorem, without giving it much importance.

THEOREM 2.1 (Radon 1921 [Rad21]). For any set of d+2 points in R, there
exists a partition of them into two sets A, B such that conv(A),conv(B) have a
non-empty intersection.

PRrROOF. Let v1,...,v442 be our d 4+ 2 vectors. Since we have more than d +
1 vectors in R, they cannot be affinely independent. This means we can find
coefficients «aq, ..., a,, not all zero, such that
d+1
0= Z ;04 and
i=1
d+1

0= Zai.
i=1

Since the sum of the coefficients is zero and they are not all equal to zero, some
must be positive and some must be negative. Let [y = {i:a; >0}, [o = {i: a; <
0}. For i € Iy, let 8; = —a;. Then, we have

d+1
0= Zaivi = Z v + Z 0G0, and
i=1 = i€l
d+1
OZZOQ‘: Zai—f—Zai
i=1 = icl,

If we move every term with index in I5 to the left-hand side, we have

D Bwi= Y (v = i

i€l i€l i€l
E Bi = E (i) = E ;.
i€l i€1ls i€l

We denote S = > ., Bi = D ic;, @i Since not all coefficients were zero, we
have S > 0. Therefore, by dividing by S the first equation, we have

Bi @
> (5) - G)n
icls icly

The coefficients used on each side are non-negative and add to one, so we have two
convex combinations. In other words, if we define A = {v; :i € I1},B={v; : i €
I}, then we have shown that conv(A) N conv(B) is not empty. O

A partition as the theorem indicates is called a Radon partition. For d = 2
it’s easy to interpret this result. Any four points in the plane look like a triangle
with a point inside, or like the vertices of a convex quadrilateral. In the first case, a
partition has A being the three vertices of the convex hull and B the interior point.
In the second case, each of A and B are the vertices of one of the diagonals of the
quadrilateral.

Exercise 2.22  Prove that the number of points in Radon’s lemma is optimal.
In other words, find an example of d + 1 points in R? without a Radon partition.
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FiGURE 2.1. Two combinatorially distinct ways to place four
points on the plane.

2.2. Colorful Radon. Lovész proved a colorful variant of Radon’s theorem
around 1992. His proof appeared in a paper by Béardny and Larman |[BL92].
Lovész’s proof is topological, using the Borsuk-Ulam theorem. There is a newer,
simple linear algebraic proof that uses tools similar to the previous section [Sob15|.
We will revisit this theorem when we discuss applications of topology to discrete
geometry, but we present the linear algebraic proof here.

THEOREM 2.2 (Colorful Radon). Let Fi,...,Fy.1 be pairs of points in R?.
Then, we can find two disjoint sets A, B, such that each contains exactly one point
from each F; and their convex hulls intersect.

The reason why we call this result “colorful” is the interpretation where each
F; is a pair of points of a certain color. Then, the sets A, B are rainbow sets (using
one point of each color).

FiGure 2.2. Colorful Radon in the plane.

PROOF. We denote the sets F; = {z;,y;} arbitrarily and consider the d + 1
vectors v; = x; — ;. Since we have d + 1 vectors in R?, they have a non-trivial
linear dependence

d+1

0= Zai(xi - Yi)-
i=1

If any coefficient «; is negative, we can swap the names of x; and y; and replace the
coefficient by —«;. This preserves the linear dependence and reduces the number
of negative coeflicients. Therefore, after several relabelings, we can assume that
o; > 0 for all 4.
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Since not all coeflicients were zero, the sum Zj;l o; is positive. By scaling all

«; by the same positive constant, we may assume that

d+1

0= Zai(ﬂfi = Y),
i=1

0<a for all 4, and
d+1

Finally, we can notice that this means

d+1 d+1

E Oéil“i:E AiYi,
i=1 i=1

and both sides are clearly convex combinations. Therefore, by taking A = {z; : i =
1,...,d+1},B={y;:i=1,...,d+ 1} we have the sets we were looking for. [

3. Helly’s theorem

3.1. History. Helly’s theorem is one of the most widely known results in com-
binatorial geometry, and rightfully so. If you look for the date when this theorem
was proved, you may find conflicting answers: 1913, 1921, and 1923. In 1913 Ed-
uard Helly discovered his theorem and told Johann Radon about it in a letter.
In 1914 he went to fight in World War I in the Austrian army. He was taken as
prisoner and sent to Siberia, which is why we did not return to Vienna until 1922.
In 1920, Johann Radon proved Helly’s theorem [Rad21] using (what we now call)
Radon’s theorem (Radon’s theorem, subsequently, took life of its own). The first
proof of Helly’s theorem published by Helly appeared in 1923 [Hel23|. Helly found
yet another proof of his theorem in 1930 [Hel30], which is strong enough to prove
topological a version that relaxes the condition of convexity.

3.2. Theorem and proof. Helly’s theorem is one of the first results concern-
ing the intersection structure of convex sets.

THEOREM 2.3 (Helly’s theorem). Let F be a finite family of convex sets in R?.
If every d+ 1 or fewer sets in F have non-empty intersection, then all the sets in
F have non-empty intersection.

PROOF. We proceed by induction on |F|. If |[F| < d + 1, by the conditions
of the theorem, we are done. Assume that the statement holds for every family F
such that |F| = n, and we wish to prove it for a family G such that |G| = n + 1,
for some integer n > d+ 1. Let G = {K3,...,Kp41}. Foreachi=1,...,n+ 1,
we define G; = G \ {K;}. We know that each G; has n elements and satisfies the
condition of Helly’s theorem. Therefore, we can find a point p; € () G;.

Notice that p; € K; for all j # 4. Since p1,...,pn41 is a collection of at least
d + 2 elements, by Radon’s lemma there exists a partition of them into two sets
A, B whose convex hulls intersect. Let p € AN B. We claim that p € K; for all ¢,
which would finish the proof.

Let K; be any of the sets in G. The corresponding point p; is either in A or B.
We assume without loss of generality that p; € A. Let us show that conv B C Kj.
For each p; € B, we know | # i, and so p; € K;. Therefore, B C K;, and
the convexity of K; implies conv B C K;. Therefore, p € convB C K;, as we
wanted. O
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The size of the subfamilies we have to check is optimal. For example, consider
any finite family of hyperplanes in general position. Any d of them intersect, but
no d + 1 of them intersect.

3.3. A quick application: the Centerpoint theorem. Given a finite set
of real numbers or a probability distribution in R, the median is an important
parameter to compute. Unlike the average, this parameter is resistant to outliers
(i.e., if there is an error in your data collection and one point was replaced by
an absurdly large quantity, the median would remain mostly unchanged but the
average would not). What should a high-dimensional version of the median be?

One way to extend the median to high dimensions is by using half-spaces. In R,
the median of X has |X|/2 points of X in either side. For a finite set X C R?, we
say that p is a centerpoint of X if every closed half-space H* such that p € H+
has at least | X|/(d + 1) points of X.

THEOREM 2.4. Every finite subset of R® has at least one centerpoint.

PRrROOF. Let X C R? be a finite set. We construct a finite family F of convex
sets in R

F= {conv(Y) Y CX, |Y]> (dil) Xl}-

Let us show that NF is not empty. By Helly’s theorem, it suffices to show that
any d+1 or fewer sets of F have a non-empty intersection. Letﬂ conv(Y7y),...,conv(Yy41)

be sets in F. We know that
d
Yil > —— ) | X].
> (57 ) X0

|Y1| +...+ |Yd+1| > d|X|

Therefore,

By the pigeonhole principle, there exists an element of X was counted more than d
times in |Y1] + ...+ |Yg+1]- This means it was counted at least d + 1 times, which
can only happen if it is in every single Y;. Therefore,

d+1
() Yi #0.
i=1
We conclude by noticing that
d+1 d+1
0 # ﬂ Y; C ﬂ conv(Y;).
i=1 i=1

We claim that any point p € NF is a centerpoint of X. If that’s not the

case, then there exists a closed half-space H' such that p € HT and |[X N HT| <
X1
d+1-°

complementary open half-space H ™~ satisfies p ¢ H~ and |H™ N X| > (d;il) | X|.
Let Y = H~NX. By construction, we have conv(Y) € F, so p € conv(Y'). However,
conv(Y) C H—, so p & conv(Y). This is the contradiction we were looking for. O

Let us assume we have such a half-space and look for a contradiction. The

2In this argument we are taking d + 1 sets, what happens if we take fewer?
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3.4. A useful lemma. Helly’s theorem is relevant in optimization, particu-
larly in linear programming. A linear program is a special type of optimization
problem. The first part of the input in a linear program is a set of n vectors in R¢
and n constants:

a11 an1
a; = sy Oy = b1, ..., by
aid And

These vectors and constants define the feasibility region, which is the set of vectors
ia1

x = | | that satisfy the inequalities

Td

a1121 + ap®z + ...+ agrqg < by

n1%1 + a12%2 + ... + Apgxq < by

If we denote by A the n x d matrix whose i-th row is a! and consider b =
b1
- | € R"™ the n inequalities above are often described as the set of vectors x
bn,
satisfying the inequality
Az <b.

We consider an inequality between two vectors in R™ satisfied if it is satisfied for
every coordinate. Each linear inequality defines a closed half-space, so the feasibility
region is the intersection of a family of closed half-spaces; it is convex. Moreover,
Helly’s theorem gives us an easy way to check if this region is not empty: it suffices
that any d + 1 of those inequalities have a common solution.

We can aim for more. Notice we did not finish defining a linear program. A
linear program is a problem where we want to find an extreme point of a feasibility
region. In other words, given a non-zero vector v € R% we want to:

e maximize (x,v)

e subject to Ax <b

where (-, ) stands for the dot product. If we swipe with the hyperplane orthog-
onal to v, Figure shows a geometric illustration of the solution.

Helly’s theorem implies that the solution to a linear program with n constraints
actually only needs d constraints. More precisely:

Lemma 2.5 (Useful lemma, Wegner 1975 [WegT75|). Let F be a finite family of n
convez sets in R with non-empty intersection, and let v € R be a non-zero vector.

There exists a subfamily G C F of at most d sets such that

max (r,v) = max (xr,v
Jax (z,v) = max (z,v)

Note: we are assuming that {(z,v) : € (| F} is bounded above, or otherwise
{{z,v) : x € (G} would also be unbounded above for any subfamily G and we
would be done.

Proor. We denote by A = m%);_(ac, v). Consider the open half-space
x€E

H™ ={zcR%: (z,v) > \}.
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FIGURE 2.3. A solution to a linear program. The dotted lines are
the constraints for the feasibility region. Notice that the optimal
solution is in the intersection of two constraints in this figure.

By definition,

(FuU{H}) =0
By Helly’s theorem, there must be a subfamily of 7 U {H "} of at most d + 1
elements whose intersection is empty. Since (| F # () by hypothesis, this subfamily

must contain H~. In other words, it must include H~ and at most d sets of F.
Let G be this subset of 7. We have

NGu{H})=0.
This means that max (x,v) < A. Since G C F, we also have max,eng(z,v) > .

zeNG
Therefore,

max (z,v) = A = max (z,v),
zeMNG zeNF

as we wanted to prove. O

Therefore, we can solve a linear program with n constraints by solving (Z)
linear programs with d constraints each. Even though this is polynomial in n when
d is fixed, one can usually do much better. We won’t dive into linear programming
in these notes. If you are interested in their connection with Helly’s theorem, I
recommend Section 3]. The “useful lemma” will be used repeatedly in
these notes.

3.5. Hyperplane arrangements.

4. Carathéodory’s theorem

Suppose you are given a finite (but very large) set of points X in R? and a
point p in R?. You want to determine if p € conv(X) or not. This means solving
a system of equations with an extremely large number of variables (one for every
element of X), and then seeing if at least one of those solutions is made only of
non-negative numberg’] Carathéodory’s theorem tells us that this problem can be
simplified significantly: it is enough to check the (d + 1)-tuples of elements of X,
rather than the whole set. Carathéodory’s original proof works for finite sets X,
but we include a proof that covers the case when |X| is infinite.

3The fact that the coefficients must add to one can be included as an additional equation in
the system.
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THEOREM 2.6. Let X be a set of points in R, and let p € conv(X). There
exists a subset C C X of at most d + 1 points such that p € conv(C).

PROOF. Since p € conv X, then p can be written as a convex combination of a
finite number n of points of X,
p=Ax1+ ...+ A\ zp.

If n <d+ 1, we are done. Otherwise, n > d + 2. We will prove that we can
write p as a convex combination of at most n — 1 points of z1,...,x,. If any of
A; = 0, then we can remove z; and we are done. Otherwise, A\; > 0 for all 4. Since
n > d + 2, there is an affine dependence of the points x1,...,x, so that

O0=a121+ ...+ apx,
O=a1+...+a,

Ai and

(27

and not all «; are zero. Let I = {i € [n] : @y > 0}. Let ¢ = max;es
notice the following (in)equalities:

p=(M\ —ear)x1+ ...+ (A —eap)z,
1= —car)+ ...+ (A —eay)
0< )\ —eoy foralli=1,...,n
0=\ —cay for at least one value of 1.
Therefore, p is a convex combination of fewer elements of x4, ..., x,. We repeat

this argument until we use d 4+ 1 or fewer points of X.
O

5. Problems of Chapter 2
Problem [1}1. Let X be a set of non-zero vectors in the plane and p a point in the
plane. Suppose that |Lxpy| < 27/3 for any x,y € X. Prove that p & conv X.

Problem 2.Let X be a finite set of points in RY, and A be the set of all center-
points of X. Show that A is convex

Problem [1}3. Let d be a positive integer. Prove that there does not exist a set of
d + 2 non-zero vectors in R? that pairwise have negative dot product.

Problem [14. Let X be a finite set of n elements. Let Uy,...,Upy1 be non-empty
subsets of X. Prove that there exist two non-empty disjoint sets A, B C {1,...,n}

such that
Jvi= U

€A i€B

Problem 5. Let K be a subset of R%. Let F be a finite family of convex sets
in R%. Prove that if the intersection of any d + 1 or fewer sets of F contains a
translate of K, then NF contains a translate of K.

Problem 6. Let F be a finite family of axis-parallel boxes in R®. Prove that if
any two sets in F intersect, then NF # ().

Problem 7. (Russia Mathematics Olympiad 1972) Let F be a family of 50 closed
intervals in R. Prove that there either exist eight intervals that are pairwise disjoint,
or there exist eight intervals whose intersection is not empty.
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Problem 8. Let F be a finite set of points in R? so that no two points of F are
V3

at distance greater than one. Prove that there exists a closed disk B of radius %2

2
such that F C B.

Problem 9. (Hadwiger) Let F be a finite family of vertical segments in the plane.
Show that if any three segments have a common line transversal (a line intersecting
all three), then all of F has a common line transversal.

Problem 10. Let F be a finite family of convex sets in R?. Prove that if the
intersection of any five or fewer sets in F contains an axis-parallel rectangle of area
1, then NF contains an azis-parallel rectangle of area one.

Problem 11. Let F be a finite family of convez sets in R2. Prove that if the
intersection of any four or fewer sets in F contains an azis-parallel rectangle of
area 1, then NF contains an azis-parallel rectangle of area one.

Problem [1112. Let X be a finite set in R® with at least d + 2 points. Prove that
X is in convex position if and only if every subset of size d 4+ 2 of X is in convex
position.

Problem13. (Kirchberger’s theorem, 1908) Suppose we have a finite number
of wolves and a finite number of sheep in R:. You know it is impossible to build
a straight fence (a hyperplane) to separate the wolves from the sheep. Prove that
there is a subset of d+ 2 animals for which we cannot separate the wolves from the
sheep by a straight fenceﬁ

Problem 14. Let x1,...,x441 be points in RY, and let p € RY. Suppose p &
conv{xy,...,x4+1}. Let q be the point closest to p in conv{zy,...,x44+1}. Show that
q can be written as the convex combination of at most d points of {x1,...,T4+1}.

4Kirchberger’s theorem was published before Carathéodory’s, yet it easily implies it. Consider
the case when there is a single wolf. Not being able to separate the animals means that the wolf
is in the convex hull of the sheep, and the conclusion means that the wolf is in the convex hull of
at most d + 1 sheep.






CHAPTER 3

A second wave of theorems

Work it harder. Make it better. Do it faster. Makes us stronger.

- Daft Punk

1. The three pillars, revisited.

Even though Carathéodory, Helly, and Radon’s theorems were proved at the
start of the twentieth century, it wasn’t until the eighties and nineties that their best
known generalizations were discovered. These generalizations uncovered nuanced
properties of convex sets in euclidean spaces, and paved the way for topological,
algebraic, and probabilistic methods to be applied.

This second wave was also fueled by the appearance of new proofs techniques
(topological combinatorics was growing quickly) and new developments in extremal
combinatorics. The early 1900s” were the time when combinatorial geometry came
as a surprise; mathematicians figured that these topics were worth studying. The
late 1900s” mark a solidification of the area. Computational geometry becomes
important in this time, which gives mathematicians a new perspective on old prob-
lems.

How about a third wave? As we approach more recent dates, this is harder to
determine objectively (i.e., is a new result fundamentally important, or am I biased
to think so because it is so recent?). Jif{f Matousek considered 2010 as yet another
miraculous year [Mat11], in which plenty of new techniques were discovered, and
groundbreaking progress in old, stagnant problems was achieved. Despite the recent
progress in discrete geometry, the variations listed here are still mark the standard
of quality for a good result in cominatorial geometry. In other words, if you prove
a new theorem, can you make it colorful? Can you make it fractional?

2. Colorful versions

2.1. Colorful Helly. We have already proved the colorful Radon theorem.
You might have noticed that colorful Radon doesn’t immediately imply Radon’s
theorem. In contrast, the colorful Helly theorem generalizes Helly’s theorem.

THEOREM 3.1 (Colorful Helly; Lovasz 1982 [Bar82|). Let Fi,...,Fat1 be fi-
nite families of convex sets in R. Suppose that for every choice Fy € Fi,...,
Fat1 € Fay1 we know that
d+1
ﬂ F; is not empty.
i=1

Then, there is an index © such that NF; is not empty.

The reason we call this result colorful is the interpretation where each F; is a
family of sets of a particular color. Then, if every colorful (d + 1)-tuple intersect,

there is at least one color that has non-empty intersection. Helly’s theorem is
recovered if /7 = ... = Fyq1. This result first appeared in a paper by Imre Barany,

27
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where he included it with a proof by Léaszlé Lovasz. We present a proof that’s
very different from the one we used to prove Helly’s theorem. If you consider
F1 = Fo = ... = Fgqy1, this is the second proof of Helly’s theorem in this book.
The ideas are similar to those from Lemma 2.5

For a finite family G of compact convex sets in R? and a non-zero vector v € R¢,
we say a point p € (G is a v-directional minimum if

v,p) = min (v, x).
(v.p) = min (v,

PROOF. Let v be a unit vector in R? such that every the intersection of every
d sets in F; U...U Fyq1 has a unique v-directional minimunﬂ For each color-
ful d-tuple, record its v-directional minimum. We can choose a d-tuple whose v-
directional minimum p is maximal, i.e., (p,v) is maximized among any v-directional
minimum of a colorful d-tuple.

Assume without loss of generality that p is the v-directional minimum of K; N
... Kgsothat K; € F,; for each i. We will show that p € K411 foreach K411 € Fy11,
finishing the proof. Let K441 be any set in Fgy1, and H be the hyperplane

H={x:(z,v) = (p,v)}
Let A = {Ky,...,K4,Kq11}. We know that ().A is not empty, so it must have
a point p*. Since (A C N(A\ {K4+1}), we know that (p*,v) > (p,v) by the
minimality of (p,v). For each i € {1,...,d+1}, let ¢; be the v-directional minimum
of N(A\ {K;}). We know (g;,v) < (p,v) by the maximality of (p,v). Since
both p* and ¢; are in [(A \ {K;}), by convexity, there must be a point p; €
conv (ﬂ(A\ {KZ})) such that (p;,v) = (p,v). Notice that pg+1 = p, since p is the

unique v-directional minimum of ((A\ {Kgy1}).

These conditions tell us that py,...,pg+1 are points in H, which has dimension
d—1. By Radon’s lemma, they can be split into two sets B, C' such that their convex
hulls intersect. Just as in our original proof of Helly, a point in conv(B) N conv(C)
is in each set of A. In particular, it must be in [(A\ {K441}), so it must be equal
to p. It must also be in Kyy1, so p € K441, as we wanted. O

2.2. Colorful Carathéodory. The colorful Carathéodory theorem is similar
to the colorful Helly theorem. Now, instead of having a set X C R¢ and a point
p € conv(X) we will have d + 1 sets Xi,..., X411 (the color classes), and p €
conv(Xq) N...Nconv(X4q1). Instead of writing p as a convex hull of a subset of
d+ 1 points of X, we want to write p as a convex combination of a colorful set (i.e.,
it has at most one point of each color class).

THEOREM 3.2 (Colorful Carathéodory, Barany 1982 |Bar82|). Let d be a pos-
itive integer and X1, Xo,..., X441 be finite sets in R%. Let p be a point such that
p € conv(X;) fori=1,...,d+1. Then, there exist x1 € X1,..., 2441 € Xay1 such
that

p € conv{zy,...,Taq1}-

Of course, the original theorem by Carathéodory is recovered if we take X; =
Xy = ... = X441. This is why many people consider the “simplest” case of the
colorful Carathéodory theorem to be when the color classes coincide. I consider
the simplest case when the color classes are each of two points. Indeed, this was
the motivation that led Imre Barany to this theorem. He needed the version when
|X;| = 2 for all ¢ while working on another problem and figured that even if the

IThe existence of such a v was proved by Larman. We can also avoid using Larman’s result
using approximation results and taking a limit. We won’t do it in these notes but it is a good
exercise.
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& — ©

FIGURE 3.1. A colorful Caratheodory selection in the plane.

color classes have a larger size the theorem might still hold. The proof of this case
is similar to the one we presented of the colorful Radon theorem (Theorem in

Chapter [2).

PROOF OF THE CASE |X1| = ... =|Xg4+1] = 2. We can assume without loss of
generality that p = 0. Therefore, if x; is one of the two points in X;, we can assume
without loss of generalityﬂ that the other is —z;. Now consider the d 4+ 1 vectors
T1,...,Tqe1. Since we have d + 1 vectors in R?, they have a non-trivial linear
dependence.

O=a1x1+ ...+ @44+1Td+1
where not all a; are zero. Now, if any «; is negative, we can swap the names of x;
and —x; and the sign of a;. Therefore, we may assume that a; > 0 for all . We
can divide both sides by a3 + ...+ agy1 (which is a positive constant) to write 0
as a convex combination of x1,...,x441. O

Notice that we can also multiply this convex combination by —1 to write 0 as
a convex combination of —x1, ..., —x441, which finishes the proof.

PROOF OF THE GENERAL CASE. As you read this proof, Section 2.2 may help.
Let x1,..., 2441 be the colorful choice such that

= dist(p, conv{zy,...,244+1})

is minimal. We want to show that u = 0. If it is not zero, let ¢ € conv{x1,..., 2441}
be the point closest to p. By Problem 2[I[14] ¢ can be written as a convex com-
bination of at most d elements of {z1,...,2411}. We may assume without loss of

generality that we are not using x4y1. Let H™ be the closed half-space defined by

HY ={zeR’: (x,p—q) > (p.p—q)}

Since p € conv(Xgy1), we know that there exists xj, ; € X441 0 H*. Now
consider the set conv{zi,...,zq, 2}, ,}. Since it contains z1,...,z4, it must con-
tain q. However, the triangle Apgz} | has an obtuse angle at p, so its side pq is
larger than its height from g. Therefore, dist(p,conv{zy,..., 2}, }) < p, which

contradicts the minimality of p.
O

3. Fractional versions

An intuitive way to think about fractional versions is that they show the ro-
bustness of a result. For example, Helly’s theorem tells us what happens if every
(d + 1)-tuple of a family of convex sets is intersecting. Can we still get interesting
consequences if almost all (d + 1)-tuples intersect? Fortunately, the answer to this
question is positive.

2As usual, don’t trust me, verify.
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FI1GURE 3.2. Construction for the proof of colorful Carathéodory.

THEOREM 3.3 (Katchalski, Liu 1979 [KL79)]). Given o € (0,1) and a positive
integer d, there exists a positive constant 5 = f(a,d) for which the following state-
ment holds. For any finite family F of convex sets in R?, if at least oz(cllfl) of the
possible (d + 1)-tuples of F intersect, then there is a subfamily G C F such that
|G| > B|F| whose intersection is not empty.

The bound that Katchalski and Liu prove is g > ﬁ. This has a simple
proof, based on Lemma which we present below. The optimal bound 5 =
1 — (1 —a)Y@+1) was proved independently by Kalai [Kal84,Kal86| and Eckhoff
|Eck85|.

PROOF. We assume without loss of generality that the sets in F are compact.
Let v be a vector such that every d-tuple of sets in F attains its v-directional
maximum at a single point. By Lemma we know that for each (d + 1)-tuple
F' C F with non-empty intersection, there exists a d-tuple G C F’ such that

RRG ) = gy o

Let A C ( z ) the set of (d + 1)-tuples of F with non-empty intersection. This

d+1
‘F
A — (d)

assignment creates a function
By the pigeonhole principle, there must be a d-tuple Gy that was assigned to at
least

different (d + 1)-tuples. Notice that

Al elil) _ a(F-d) < o >
Fl -1

(\gl)* (Iﬁ\) Tod+1 d+1

Let p be the unique point of (Gy that attains the v-directional maximum of
this intersection. Every (d + 1)-tuple of F assigned to Gy represents one additional
set of F that containsE| p. Since every set in Gy also contains p, we have found at

least (ﬁ) | 7| sets in F with non-empty intersection. O

3The reason why the additional set must contain p is the same as in the proof of the colorful
Helly theorem. Don’t trust me, verify it.
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4. Tverberg’s theorem

4.1. Birch’s theorem on the plane. While he was an undergraduate at
Trinity College in Cambdrige University, Bryan Birch proved the following theorem

THEOREM 3.4 (Birch 1959 [Bir59]). Given 3r points on the plane, there is a
partition of them into r triples whose convexr hulls intersect.

The proof gives a glimpse of why combinatorial geometry is often much easier
on dimension two.

PrOOF. Given a set of 3r points, let p be a centerpoint of the set. Then, we
order them clockwise as seen from p as x1, ..., xs,.. The r triples are going to be of
the sets of the form

A ={zi, Tipr, Tigor} fori=1,... 1

Let us prove that p € conv A; for each 7. If that’s not the case, then conv(A4;)
and p may be separated by a line £. Let H' be the closed half-plane of ¢ that
contains p. Since none of ;, ;1 ,, Ti12, are in H', exactly one of the clockwise
angles ;DT i1y, TiyrDTitor, TisorpT; contains all the points in our set in HT. This
means that there are at most 7—1 such points (by the ordering of the x;’s). However,
since p is a centerpoint, there must be at least r such points, a contradiction. [

Birch noticed that he could improve the result, and 3r —2 points were sufficient.
In this case, the partition is simply a partition into r sets, which need not be triples.
He conjectured a high-dimensional generalization, which Tverberg proved to be
true. However, if you hear someone talking about Birch’s conjecture, it’s much
more likely the context is elliptic curves.

4.2. Brief history. Tverberg had heard of Birch’s conjecture, and traveled
in 1963 to Manchester to discuss his ideas with Birch. He was staying at a hotel
where he needed to put coins in the heater to get it to work. Unfertunately, he
was out of shillings one night and was unable to sleep due to the cold. He decided
to keep thinking about the problem, and the solution (as he describes it) “dawned
on him”.

THEOREM 3.5 (Tverberg 1966 [Tve66)). Given (r—1)(d-+1)+1 points in R?,
there exists a partition of them into v sets whose convex hulls intersect.

Notice that the case r = 2 is precisely Radon’s lemma.

Tverberg’s proof of his theorem uses a clever argument about points moving
in R?. Essentially, he proves the result for a simple set of points. Then, he shows
that if a single point moves in a fixed directions, at any moment that the current
partition stops working we can swap points and avoid any problems. This way, we
can arrive to any other set of (r — 1)(d + 1) + 1 points.

The original proof is not very transparent. A “wishful thinking” among com-
binatorial geometers was that we would find a proof similar to Radon’s proof of
his lemma. In Radon’s proof, the existence of a partition is reduced to an affine
dependence, and the sign of the coefficients provides this partition. Would it be
possible to extend such a proof to use coefficients of r types instead of just two?

Surprisingly, this wishful thinking turned out to be correct. Karanbir Sarkaria
found such a proof in 1992 [Sar92|. The proof we present here is a simplified
version by Bardny and Onn [BO95]|.
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V2
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FIGURE 3.3. For the case r = 2, we can take vy = —1,v5 = 1. For
2 —2

the case r = 3 we can take v, = [_1}, Vg = [g}, V3 = [_1].

4.3. Sarkaria’s proof of Tverberg’s theorem. This proof relies on the
tensor product, described in Section Let n = (r — 1)(d + 1). Suppose we are
given n + 1 points a1, as, ..., a,41 in R?. We first embed these points in R4+ by
defining

R? — R

a; — b, = (ai, 1)

Additionally, we consider r vectors vy, ...,v, € R"~! whose only linear depen-
dence, up to scalar multiples, is

v+ ...+v.=0.

In other words, if Syv1 + ... Bv, = 0 then we have 5; = ... = B,.. We can think
of these vectors as the vertices of a regular simplex centered at the origin in R"!,
see Figure [3.3] We aim to use the vectors vy,...,v, as coefficients.

Now, for i € [n+ 1], € [r], we construct the vectors

wi; = b ®v; € REHDI-D — gr,

If ¢ is fixed, the convex hull of the family X; = {u;1,...,u;,} contains the zero
vector, since the sum of its elements is the zero vector. Notice that we have n + 1
such families in R™. By the colorful Carathéodory theorem (Theorem , we can
choose one element of each such that the resulting set contains the origin.

In other words, for each i € [n + 1] we can choose j(i) € [r] such that

0e COHV{ULj(l), e ,un+17j(n+1)}.
There must be coefficients a;, ..., a,+1 of a convex combination such that
n+1 n+1

0= aiu; ;i =Y o (b ®vj(3)) -
i=1

=1
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Let us group the sum above by the value of j(i). In other words, we define the
sets I1,..., 1. by I; ={i € [n+1] : j(i) = j}. Then,

0= niai (b @ v5) = (Z a (bi®vj<i>)> AT <Z ai (bi ®Uj<i>)>

i=1 iel iel,
= icl,
icl icl,
The fact that vq,..., v, only have a linear dependence implies that
iel i€l icl,

Let 8; = ra;. Then, we also have

S Bibi=> Bibi=...=> B

i€l i€l i€l

The last coordinate of each b; is equal to 1, so

ZﬁiZZBiZ-n:Z&w

i€l i€ls i€l

Moreover, Z?:ll ;= TZ?:ll a; = r. Therefore, for each j € [r], the coefficients
{B; : i € I;} are the coefficients of a convex combination. Now let us look at the
first d coordinates of b;, which is precisely the vector a;. This implies that

Zﬂiai:Zﬂiai:-n:Zﬂiai-

i€l i€l i€l

Each of these is a convex combination and they are all equal. Therefore, the
sets A; = {a; : i € I;} form the partition we were looking for.

4.4. Roudneff’s proof of Tverberg’s theorem. In addition to Sarkaria’s
proof, there is a neat approach by Roudneff to prove Tverberg$ theorem |[Rou88|.
Roudneff’s proof can be interpreted as a very clean version of Tverberg’s second
proof of his theorem [Tve81].

Tverberg’s idea was as follows. Given a set of (r — 1)(d + 1) + 1 points in R¢
start with a partition A, ..., A, into r non-emptysets. Let p be the radius of the
smallest ball that intersects conv(A;) for all j. If p = 0, we are done. If p > 0,
then we show that the partition can be modified slightly to reduce p. Therefore,
the partition that achieves the smallest value of p must have p = 0.

The hard part is showing that the modification is always possible. Roudneff
gets around it by replacing the radius of smallest ball intersecting each convex hull
by a continuous and differentiable function. Then, a bit of calculus make the rest
of the analysis work out like a charm.

A SECOND PROOF OF TVERBERG’S THEOREM. Let S be a set of (r — 1)(d +
1)+ 1 points in R%. Assume without loss of generality that S is in general position.
For any partition P = (A4y,...,A;) of S into r parts, we can define a function fp
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as follows
fr:RY—> R

T
T Z dist? (x, conV(Aj))
j=1

The reason for the exponent may seem arbitrary at the moment, but it will be
made clear in a moment.

Note that as ||x|| = oo, we have f(z) — oo as well. Therefore, fp much achieve
a minimum value u. Let P be the partition for which u achieves its smallest value.
If =0, then we are done, as it would imply x € conv(A4;) for all j =1,...,r.

Assume on the contrary that g > 0 and we seek a contradiction. Let xp be the
point such that fp(zp) is minimal. We will show that we will be able to modify P
so that the value of p is reduced. For each j, let y; € conv(A;) the closest point to
zp. Now define a new function

g:R* > R
r
x>y — .
j=1

By construction, g(xp) = f(zp) = u > 0. Moreover, for any z € R? we have
g(x) > f(x). Therefore, zp is also a minimum for g, and so its gradient must be
zero. The gradient of this function has a nice formula, which gives us

K
> (y; —xp) =0.
j=1
Foreach j =1,...,7, let B; be the smallest subset of A; whose convex hull contains
yj. We first show that () aff(B;) = 0.

If we could find a point y in all these sets, notice that (y — zp,y; —2zp) > 0
since y; is the closest point to xp in aff (B;) (this is why we chose B; to be minimal
under inclusion, so that the closes point to the convex hull of A; is also the closest
point to the affine hull of B;). Moreover, since p > 0, some of these dot products
must also be positive.

Now, it suffices to notice that when we add them together we have

I T
0< Z@*ﬂfpayj —zp) = <y$P,Z(yj JEP)> =(y—=,0)=0,
j=1 j=1
which is a contradiction. Therefore, (aff(B;) = (. Since this intersection is
empty, the sum of their co-dimensions must be at least d + 1. The co-dimension of
aff (B;) equal to d+ 1 — | B;| (this equality is another benefit of B; being inclusion-
minimal, since it has at most d + 1 points). Therefore

d(d+1-|Bj))=d+1

Jj=1

r(d+1)=> |Bj| > d+1

(r=D(d+1) 2 3|5

Since the total number of point in S is (r—1)(d+ 1) +1, there is a point ' € S that
is not in any B;. We now show that we can assign it to some A;, modifying the
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partition, to reduce the value of p. This will finish the proof. In similar argument
to the proof of colorful Carathéodory, (z’ — y;,zp — y;) > 0, then some point on
the interval between 2’ and y; will be closer to xp. Therefore, if we add z’ to
A; and preserve all the Bj, we would have a partition P’ such that fp/(zp) < g,
contradicting the minimality of p.

Finally, notice that

T T

Z(xl—yj,fﬂp—yﬂ:Z a' —xp,xp — yj>+<$P_ij$P_yj>)

j=1 j=1

s T
= Z x —Tp,Tp — yj) + Z<$P_yj7$P_yj>
Jj=1 j=1
T
=(z —JJP,Z(JJP—Z/j)>+Z||$P—yj2
Jj=1 Jj=1

=(2 —2p,0) + u=0+pu=p>0.
Since their sum is positive, at least one of the terms in the first sum must be
positive, which finishes the prooﬂ
O

4.5. The selection lemma. A neat application of Tverberg’s theorem is the
selection lemma. The idea behind this lemma is, given a finite set S C RY, to find
a point p which is “very deep” within S. We encountered a result of this kind with
the centerpoint theorem in Section The centerpoint measures the depth of p
by determining the smallest number of points of S that a half-space that contains p
can have. Now, we want to measure the depth of p by the number of simplices with
vertices on S that contain p. The total possible number of simplices with vertices
in Sis ( |51 ) It turns out that there are points p contained in a fixed proportion

d+1
of the total amount of simplices.

THEOREM 3.6 (Selection Lemma; Barany 1982 [Bar82|). Let d be a positive
integer. There exists a constant cq > 0, that depends only on d, such that the
following statement holds. For any finite set S C R?, there exists a point p contained

in at least cq (dlill) simplices with vertices in S.

The estimate we prove gives cq ~ W7 although there are currently better
bounds [GrolOLKarl1]. The only value of ¢q which is known exactly is ¢z = 2/9.

PROOF. Let r = {%J Then, |S| > (r — 1)(d + 1) + 1, so by Tverberg’s
theorem S can be split into r sets A1,..., A, whose convex hulls intersect. Let p
be the point of intersection. Color each A; of a different color. If we take any d+ 1
color classes, by the colorful Carathéodory theorem there exists a colorful simplex
that contains p. Therefore, we obtain ( different simplices with this property.

Finally, observe that
S|
=S A ST
d+1 d+1 (d+1)d+1\d+1/"

4The way this sum simplifies never ceases to amaze me.

d+1)
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5. The integer lattice

In 1973 Jean-Paul Doignon proved an integer version of Helly’s theorem [Doi73].
In this result, instead of guaranteeing a point in the intersection of a family of con-
vex sets, we guarantee a point with integer coordinates in the intersection of a
family of convex sets. An interesting part of the history of this result is that it was
rediscovered a couple of times [Bel76}/Sca77| since it has applications in integer
programming and economics.

THEOREM 3.7 (Doignon, 1973). Let F be a finite family of convex sets in R?.
If the intersection of every 2% or fewer sets in F contains a point of Z.2, then (F
contains a point of 7.

Bell’s proof is probably the simplest. We show Hoffman’s approach [Hof79|,
as it has led to more generalizations. Hoffman’s argument shows how the number
24 is related to the maximum possible number of integer points in convex position
whose convex hull does not contain any additional integer point.

Lemma 3.8. For any set P of 2% + 1 or more points in Z%, the convex hull of P
contains an integer point that is not a vertexr of conv P.

PRrROOF. Given a point in Z?, look at its entries modulo 2. There are 2¢ pos-
sibilities. By the pigeonhole principle, there are two points z,y of P whose corre-
sponding entries have the same parity. Therefore, (x +y)/2 is in Z? and in conv P.
Moreover, (z + y)/2 cannot be a vertex of conv P. O

The following lemma is the core of the proof of Doignon’s theorem.

Lemma 3.9. Let P C R? be a set of more than 2¢ points in Z®. Then,

M conv(P\ {p})

peP
has at least one point of Z.®.

PRrROOF. Notice that it is enough to prove the result above for sets P that have
exactly 2¢ + 1 elements. We prove this theorem by induction. We can consider the
family of all subsets of size 2¢ + 1 of Z?, ordered by inclusion of their convex hull.
In other words, for two subset P, P of 2¢+1 points of Z¢ each, we say that P’ < P
if conv P’ C conv P.

If P is a set of 2?41 elements of Z%, it has a finite number of predecessors. We
are going to show that If the conclusion of the theorem holds for any P’ < P, then
it holds for P. If P has no predecessors in this partial order, the conditions is met
by vacuity so the result will hold for P. The finite number of predecessor implies
that this induction will eventually go through every set P we want to consider.

Let P be a set of 2%+ 1 points of Z¢. We may assume without loss of generality
that every p € P is a vertex of conv P. Otherwise, if some pg € P is not a vertex of
conv P we have that py € conv(P \ {po}), s0 po € [ cpconv(P \ {p}) and we are
done.

By Lemma we know that (conv P) \ P contains at least one integer point.
For each integer point ¢ in (conv P) \ P, let m(q) be the number of elements p € P
such that ¢ & conv(P\ {p}). Let go be an integer point such that m(qo) is minimal.
If m(qgo) = 0, we are done.

Otherwise, assume that m(qy) > 0 and we look for a contradiction. There
is at least one p’ € P such that ¢y & conv(P \ {p'}). This means that the set
P’ = PU{q} \ {p'} is a strict predecessor of P. By the induction hypothesis,
(pep conv(P’\ {p}) contains an integer point r.
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Now, notice that if gg € conv(P \ {p}) for some p € P, we have
r € conv(P"\ {p}) C conv(P \ {p}).

The last containment holds because we can write gy as a convex combination of
the elements of P\ {p}, and therefore any convex combination of the elements of
P\ {p} is also a convex combination of the elements of P\ {p} (we only substitute
qo if it was actually used).

Additionally

r € conv(P'\ {qo}) = conv(P \ {p'}).

This means that r € conv P, it is not an element of P, and m(r) < m(qp), contra-
dicting the minimality of m(qp). d

Now we are ready to prove Doignon’s theorem.

PROOF OF THEOREM [3.7] We prove this result by induction on n = |F|. If
|F| = 27, we have nothing to prove. Therefore, we may assume that n > 2¢ and
that the result holds for all families of n — 1 sets. We denote the elements of F as
F = {Fh...,Fn}.

By the induction hypthesis, for each i = 1,...,n we can find an integer point
in the intersection of F \ {F;}. Let P = {p1,...,pn}. By Lemma we can find
an integer point r in

ﬂ conv(P\ {p;}).
i=1
Notice that for each i = 1,...,n we have P\ {p;} C F;, so we have

re (Neow(P\{p}) € (B =7,

i=1
as we wanted to prove. U

6. Problems of Chapter 3

Problem [Bl1. Let S be a set of 2r points in the plane. For any set of points X C
R2, let Rec(X) be the smallest axis-parallel rectangle in the plane that contains X .
Prove that there exist at least 72 /2 different partitions of S into r pairs Ay, ..., A,
such that

ﬁ Rec(4;) # 0.
j=1

e (challenge) Show that for sets of points in R® and azis-parallel bozes there
may not be a single partition of 2r points into r pairs whose induced azis-parallel
bozes intersect.

Problem [3}2. Not all Helly-type properties have a colorful version. Consider the
following claim: A finite set S in R is in convex position if and only if every subset
of d + 2 points is in convex position.

e Prove this claim.

e State what the colorful version of this claim would say.

e Disprove the colorful version.

Problem [3|3. Weak Tverberg. The following weaker version of Tverberg’s theorem
can be proved without tensor products. Prove it using the centerpoint theorem.
Given a set of (r —1)d(d +1) + 1 points in R? there exists a partition of them into
r sets whose convex hulls intersect.
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Problem [3l4. For fized positive integers k,n,d, such that k < d, find a family of
n convex sets in RY such that the largest intersecting subfamily has k + d sets and
the number of intersecting (d + 1)-tuples is

n n—k
<d+ 1) - (d+1>'
Why does this construction show that Kalai’s bound on the fractional Helly theorem
is optimal?

Problem [3}5. (Linstrom 1972 [Lin72]) Let X be a finite set of n elements. Let
Ui, s Up—1)ns1 be non-empty subsets of X. Prove that there exist r non-empty,
pairwise disjoint sets Ay, ..., A, C{1,...,(r—1)n+ 1} such that

Uuvi=..=Ju

i€A i€EA,

Problem [3l6. Construct a finite family F of convex sets such that the intersection
of any 2¢ — 1 or fewer sets in F contains a point in Z¢ but (| F does not contain
a point in 7.2,

Problem|[3,7.(De Loera, La Haye, Oliveros, Rolddn-Pensado 2015 [LRPOLH15|)
State and prove a colorful version of Doignon’s theorem.

Problem 8.(r-fold Kirchberger, Por 1998) Let Ay,..., A, be sets in R¢
such that ﬂ§:1 conv(A;) # 0. Prove that there exists a set C' C U;:1 Aj such that

IC|<(r—1)(d+1)+1 and

n conv(A; NC) # 0.
j=1



CHAPTER 4
The analytic side of convexity

Simplify, simplify.

- Henry David Thoremﬂ

Combinatorial geometry in the twentieth century (and today!) largely focused
on intersection patterns of convex sets. As mentioned in Chapter[2} the theorems of
Radon, Helly, and Carathéodory provided a new connection between linear algebra
and combinatorics, which fueled research and interest in the area.

However, convex sets had been studied extensively by geometers, well before
mathematicians were interested in their intersection patterns. The point of view
was analytic, and the goal was to understand the general shape of high-dimensional
convex sets. The following questions may help build some intuition regarding what
type of questions are interesting in this context: do you think that a general convex
set more similar to a sphere or to a hypercube? Is the volume concentrated near
the boundary or near its center? How do the volume and the surface area relate to
each other?

In this chapter, we introduce some classic results by linking them to different
versions of Helly’s theorem. If you are interested in this side of convexity, you will
enjoy reading expository notes dedicated to that subject. The best reference is
Keith Ball’s introduction to modern convex geometry [Bal97].

1. Quantitative versions of Helly’s theorem

Helly’s theorem characterizes families of convex sets whose intersection is not
empty. However, we may want to guarantee that the intersection is large. For
example, consider the following volumetric version of Helly’s theorem.

THEOREM 4.1 (Bardny, Katchalski, Pach 1982 [BKP82|). Let F be a finite
family of convex sets in RE. If the intersection of every 2d or fewer sets in F has
volume greater than or equal to 1, then (\F has volume greater than or equal to
424

There have been many improvements on this result since the 80s. It exemplifies
how we might want to extend Helly’s theorem. We might change the function
to optimize, the size of the subfamilies to check, or the guarantee we get in the
conclusion. You can see that in the result above, the guarantee of the volume in
() F is smaller than the condition on 2d-tuples. We call the theorem above a non-
exact quantitative Helly theorem. Compare this with an ezact quantitative Helly
theorem, such as the following.

THEOREM 4.2 (Sarkar, Xue, Sober6n 2021+ [SXS21]). Let F be a finite family
of convex sets in R, If the intersection of every 2d or fewer sets in F contains an
azis-parallel box of volume 1, then (| F contains an azxis-parallel box of volume 1.

1f Thoreau had been a discrete geometer instead of a naturalist, he probably would have
said “Parametrize, parametrize” instead.

39
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FIGURE 4.1. An example of a mesh on a surface of genus two. You
may want to minimize the number of triangles or vertices in the
mesh to optimize the rendering speed of the surface. Image credit:

Wikipedia CC BY-SA 4.0.

An interesting question is to decide which functions of convex sets have an asso-
ciated exact quantitative Helly theorem, which ones have a non-exact quantitative

Helly theorem, and which ones have neither.

2. Approximation of convex sets by polytopes

From a combinatorial point of view, the simplex convex sets are polytopes. We
can measure the complexity of a polytope by looking at some simple parameters,
such as the number of vertices or the number of facets of the polytope. If you want
to venture further, then there are more elaborate parameters that mathematicians
care about, such as the f-vector and the h-vector of the polytope.

Given a convex body K in R (a convex body is a compact convex set with
non-empty interior), we may want to approximately as closely as possible with a
polytope of low complexity. Approximating general mathematical objects with low
complexity objects is commonplace in mathematics (for example, approximating
continuous functions with polynomials). In the case of convex sets and polytopes,
it has an additional motivation: computer graphics.

Suppose you want to make a program that renders a sphere or a particular
surface. A common approach is to make a mesh on the surface and render the
surface as a union of piece-wise linear parts (see Figure [4.1). What is the simplest
mesh you need to approximate the surface efficiently?

The theory of approximating convex sets by polytopes is quite rich
. Given a convex set K in R¢, we often seek a polytope P such that

e PCK
e P has few vertices
e P is very close to K

or such that

e KCP
e P has few facets
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e P is very close to K

How “close” P and K are is often measured by the Hausdorff metric. For this
section, we use results regarding the Nikodym metric

A(K,P)=vol((KUP)\ (KNP))
The main result we will use is the followinﬂ

THEOREM 4.3 (Gruber 1993, Borécyzky 2000 |[Gru93b,Bor00]). Let € > 0
and d be a positive integer. There is a constant k = O4(c~(1=D/2) such that for
any convex set K C R? there exists a polytope P such that

e K CP,
e P has at most k facets, and
e vol(P) < (1+¢)vol(K).

The quantity (~¢~1)/2 frequently appears in this kind of result. Just like d 41
is “the magic number” in combinatorial geometry, e(=4=1/2 is the “magic asymp-
totic behavior” in analytic convexity. It turns out that e(—=4=1/2 is asymptotically
optimal. If K is a sphere, then it can be shown that this many facets are needed.
Using the theorem above, we can get a Helly-type theorem for the volume.

THEOREM 4.4. Let ¢ > 0, d be a positive integer, and k = k(e,d) be the
parameter of Theorem @ Let F be a finite family of convex sets in Re. If the
intersection of every kd or fewer sets in F has volume at least one, then (| F has
volume at least (1 +¢)7 1.

ProoOF. Let K = [\ F. By Steinitz’s theorem (Problem, K has non-empty
interior. If K is not bounded, then vol(K) = oo. Otherwise, by Theorem we
can find a polytope P with k facets, that contains K and whose volume is at most
(1+¢)vol(K). We can write P as the intersection of k half-spaces Hy, ..., H. For
each H;, as (\F C H;, by Lemma [2.5| we can find d sets F1,..., F;q € F such that

d
m Fij C H;
j=1
Consider the family G = {F}; : 1 <i <k, 1 <j <d}. We have
k d k
Ng=N Fy|c(H=P
i=1 \j=1 i=1
Since G has kd elements, its intersection has volume at least 1. This implies that
1 < vol (ﬂ g) < vol(P) < (1 + &) vol(K),

which implies the desired conclusion. 0

3. Concentration of volume of the sphere

3.1. Classic results. Volume in high dimensions is tricky, and our low-dimensional
intuition often works against us. For example, how large is the radius of the d-
dimensional ball of volume one? We follow Keith Ball’s exposition in this section
[Bal97] (so you know where to look if this is skipping too many details).

_d_

5=+ One way to figure this out is to consider the

This radius, rq4 is roughly

function
f(xla ceey md) = e_($f+---+x3)/2

2The notation O4(+) means that there are some multiplicative factors that depend on d which
are not included.
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A

2x

FIGURE 4.2. The region between two parallel hyperplanes at dis-
tance x from the origin.

and compute
f(z)
Rd

in two different Waysﬁ How about the (d—1)-volume of a slice through the center of
the volume one sphere. If r4_; is the radius of the volume one (d — 1)-dimensional
sphere, then this volume is

d—1 (d—1)/2
Td d
() ) -

The parallel slices at distance x from the center have radius /7 3 — x2, so they
have (d — 1) volume

d—1 d—1
(d—1)/2
<_\/sz—m2) N e(ﬂ) :\/g(l_fﬁ)
2
Td T3

Td—1
(d—1)/2
~ e <1 - 27r§x2) ~ e (e_”e’”2) .

The big surprise here is that the last expression does mot depend on the di-
mension. So, if z is fixed, the total volume of the unit volume ball between two
parallel hyperplanes at (a fixed) distance x from the center converges as d goes to
infinity. There are many nice consequences of this result. One, that you’ll prove
in Problem is that for any n vectors in R? there is a fixed proportion of them
that are pointing roughly in the same direction.

30ne is by noticing that f is invariant over rotations, so the integral is related to the volume
2
of spheres. The other is to notice that f(z1,...,24) = e—ei/2. . e~ %d/2 so the integral can be
computed explicitly.



3. CONCENTRATION OF VOLUME OF THE SPHERE 43

3.2. A fractional Helly theorem for the diameter. Let us use this to
prove a Helly-type theorem for the diameter [DS21]. We’ll assume that you have
completed Problem [[3]

Given a compact convex set K C R? and a unit vector v, we denote the
v-directional width as

max (v (z—y))

THEOREM 4.5 (Dillon, Soberén 2020+ [DS21]). Let F be a finite family of
convex sets in R? and let ¢ > 0. Let B = 1 — (1 — v(c))'/??, where y(-) is the
function from Problem[JL3 Suppose that the intersection of any 2d or fewer sets
in R? is not empty and has diameter greater than or equal to one. Then, there is a
subfamily G C F such that |G| > B|F| and whose intersection has diameter greater
than or equal to cd—'/2.

An interesting bit here is that if we take ¢ — 0, then 8 — 1, so we get close to
proving an old conjecture of Barany, Katchalski, and Pach. They conjecture that
there exists some absolute constant ¢ > 0 for which we can take 8 =1 (i.e., G = F).

PRrROOF. Given a convex set K € R? a unit vector v € R?, and a constant
¢ > 0 we'll consider a set S(K) C R?? as

Sy(K) ={(z,y) e R*x R : (v,2 — y) = ed™/?}

Since S(K) is defined by a linear equation on R??, it is really in a (2d — 1)-
dimensional affine space. Notice that if K is convex, so is S(K).

For each 2d-tuple in F, consider a unit vector contained in its intersection. By
Problem 20, we can find a unit vector v whose dot product with at least v(c) (/7))
of these vectors has an absolute value greater than or equal to cd /2.

In other words, for this particular v if we consider the family

F' = {S,(K): K € F},

we know that at least y(c) (‘;‘) of its 2d-tuples have non-empty intersection. If we
apply the fractional Helly theorem (Theorem with Kalai’s bounds, we obtain
the desired conclusion. O

3.3. Tarski’s plank problem. In dimension two, we say that a plank of
width w is the region of the plane between two parallel lines at distance w. In 1932
Tarski conjecture the following

THEOREM 4.6. If a unit disk in the plane is covered by a finite number of
planks, the sum of their widths must be at least 2.

This was proved in 1951 by Bang [Ban51|, and the solution is quite clever.

ProOF. Consider the two-dimensional plane IT as embedded in R? by consid-
ering (x,y) — (z,y,0). Then, the unit disk is the intersection of a unit ball with II.
A two-dimensional plank can be extended to three dimensions using the direction
vector (0,0,1). In other words, if we solve Tarski’s problem in dimension three, it
would imply the result in dimension two (considering a plank of width w in R? as
the region between two parallel planes at distance w).

So far, it seems we just made our task harder. However, if a family of planks
in R3 covers a unit ball, they also cover its surface. If the widths of the planks
are wi, ..., Wy, by Problem they cover at most a (3., (w;/2))-fraction of the
surface area. Therefore, the sum of the widths must be at least 2. O

Tarski’s plank problem holds in higher dimensions and for other ways of mea-
suring the width of the planks (if we use a Minkowski metric).
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4. The Brunn—Minkowski inequality

4.1. Main result. Let’s motivate this section with a math competition prob-
lem.

PrROBLEM (Putnam 2003, A2). Let ay,...,a, and by,..., b, be non-negative
real numbers. Prove that

1/n
((a1 b)) (az + ba) - (an + bn)) > (aras - an) ™ + (biby - - - by) /™.

SOLUTION. If a; + b; = 0 for some 4, then a; = b; = 0 and both sides of the
inequality are zero. Otherwise, notice that we can replace a;, b; by aa;, ab; for any
positive o and both sides of the inequality are just multiplied by «!/™. Therefore,
we may assume without loss of generality that a; + b; = 1 for all i. Now we can
apply the AM-GM inequality and obtain

1/n ay+as+...+a,

(araz2...a,) <
n
(bbb < DLt bE by
n

We can add the two inequalities and get

a1+a2++an)—|—(b1+b2++bn)
n
(a1 +b1) + (ag +b2) + ...+ (an + by)

1/n 1/n < — ﬁ
(alag...an) + (blbg...bn) = " n

(a1a2 .. .an)l/" + (b1b2 e bn)l/n S (

1/n
(alag L. an)l/" + (blbg - bn)l/n <1l= ((al + bl)(ag + bg) cee (an + bn)) .
O
There are a few other solutions to this problem, and it’s one of my favorite

Putnam inequalities. Another solution I like uses the convexity of the function
f(z) =1In(1 + €®) and Jensen’s inequality. Here is the shortest solution I know:

SOLUTION. Apply the Brunn-Minkowski inequality to two axis-parallel boxes
in R*. O

The Brunn-Minkowski inequality is a broad inequality about high-dimensional
volume. There are now many generalizations of it, so we’ll stick with one of the
first versions.

THEOREM 4.7. Let A, B be two compact convex sets in R?. Then,
vol(A @ B)Y4 > vol(A)? + vol(B)/¢
A simple consequence is the following. Given A € [0,1], then
vol(AA) & ((1 — N)B)Y? > vol(AA) /4 + vol((1 — \)B)Y? = Avol(4)Y? 4 (1 — A) vol(B)*/¢
> vol(A)M? vol(B)1—2/d

We can raise both sides to the d-th power and obtain a version where the
dimension is no longer explicitly present:

vol(AA) @ (1 — \)B)) > vol(A)* vol(B)! .
In other words, the volume is a log-concave function.
We won’t prove the theorem in these notes. If you are curious about it, there
are two nice ways to approach this problem. The first one it to try to prove the
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Prékopa—Leindler inequality; this one of those rare cases where proving something
more general is easier if you have the right setup. The second approach is to prove
the statement when A, B are finite unions of pairwise disjoint axis-parallel boxes,
and use induction on the total number of boxes. The base of induction is the case
that we described aboveﬁ The application we show below only uses the case for
boxes.

4.2. A volume Helly theorem for boxes. We mentioned that we cannot
hope to get rid of the loss of volume in Theorem However, we can do it if we
change the problem slightly.

THEOREM 4.8 (Sarkar, Xue, Soberén 2021 [SXS21]). Let F be a finite family
of convez sets in R%. Suppose that the intersection of any 2d or fewer sets in F is
not empty and contains an axis-parallel box of volume 1. Then, the intersection of
the whole family contains an axis-parallel box of volume one.

By replacing the volume of a set with the volume of the largest axis-parallel box
contained in it, we suddenly have an exact quantitative Helly theorem. Moreover,
the size of the subfamilies we need to check is exactly the same as in the theorem
of Barany, Katchaslki, and Pach.

PrOOF. Given two vectors = (21,...,24) and y = (y1,...,y4) in R? such
that a; < y; for all ¢ (which we summarize as x < y), we denote by box(x,y) the
axis-parallel box for which x,y are two opposite corners.

Given a set M in R?, we now define a set

There exists y4 € R such that for
_ 2d—1 ., x:(x1,~-~,$d),y:(yl,.~~,yd)we
S<M) - (mla"'7xdayl7"'7yd—1) eR . havexgy, VOl(bOX(.’E,y)) :17
and box(z,y) C M.

The key observation is that if M C R is convex, then S(M) C R2??~! is also
convex.

If we have two points z1, 2o € S(M), it means that for each of them we can find
coordinates y1,4, y2,4 such that (z1,91,4) and (z2,y2,4) each represent axis-parallel
boxes of volume one contained in M. A convex combination A((z1,y1,4) + (1 —
A)(#2,Y2,4) represents a box contained in M, which has volume at least 1 by the
Brunn-Minkowski inequality (or simply by the 2003 Putnam problem). Therefore
there is a value yx 4 < Ay1,¢ + (1 — A)yz,4 that completes Az; + (1 — M)z to an
axis-parallel box contained in M of volume exactly one.

Now, let G = {S(F) : F € F}. If we apply Helly’s theorem to G, we obtain
exactly what we wanted. O

You may notice that you can apply any Helly-type theorem. In particular, an
application of the colorful Helly theorem immediately gives a colorful version of
Theorem [I.8] There is no equivalent colorful version of Theorem [4.1] known.

5. John’s theorem

5.1. Main theorem. Ellipsoids, affine images of balls, are a common convex
set to encounter in convexity. Given a compact convex set K C R¢, John’s theorem
describes the largest volume ellipsoid contain in K.

4The unfortunate consequence is that we have to choose between the short solution to the Put-
nam problem being valid and not needing to know Prékopa—Leindler to prove Brunn—Minkowski.
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THEOREM 4.9. Let K be a compact convex set K in R?® such that the unit ball
By centered at the origin is the mazimal volume ellipsoid contained in K. Then,
we can find contact points ui,us,...,ur of Bg and K and positive real numbers
1,...,c, such that for all z € R?

k

||517||2 = Zci@, Uz‘>2

i=1
k
0= Z C;U;
i=1

The first condition is equivalent to the following two conditions:

k
T = Z ci{x, ug)u; for all z € R%, or
i=1
k
Toxa =Y cit; @ u;
i=1

The second equation is obtained by looking at each of the two sides of the first
equation as linear functions on R? and comparing their associated matrices. This
immediately tells us that the number of essential contact points is bounded.

THEOREM 4.10. Let K be a compact conver body such that By is maximal
volume ellipsoid. Then, we can find a set S of d(d+ 3)/2 or fewer contact points
of K and By such that the polytope

Ks={z:(z,s) <1 forall s € S}

does not contain an ellipsoid of volume larger than By.

PRrROOF. By John’s theorem, we can pick contact points uy,...,u; of K and

B, and positive real numbers cq, ..., ¢, such that

k

Lixa = Z Cit; @ Uj.
i=1
If we look at the trace of both sides, we can use the fact that tr(u; ®u;) = ||u;||*> = 1.
Therefore,
d
d= Z C;.
i=1

John’s condition can be written as
1
p €conv{u; @u;:i=1,...,k}.

Notice that each of u; ® u; is a symmetric d X d matrix. The dimension of this space
is d(d+ 3)/2. However, they also all have trace 1, so they are in an affine subspace
d(d+3)

of dimension (T —1.

By Carathéodory’s theorem, we can find C C {1,...,k} of cardinality at most
d(d + 3)/2 such that
1
p € conv{u; @u; : i € C}.

This means that By is the John ellipsoid of the polytope Kg with {u; : i € C'}, as
we wanted. O
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One impressive thing about John’s ellipsoid is that, if K is a compact convex
set and £ is its John ellipsoid, then

ECKCdE—c)+e,

where c is the center of £. In other words, if we blow up £ by a factor of d from its
center, it now contains K.

5.2. A volume Helly for ellipsoids. Theorem [£.§ shows how we can obtain
exact volume Helly theorems if we measure the volume of certain certain subsets of
a convex set, rather than the volume of the whole set. Fortunately, this holds for
ellipsoids as well as axis-parallel boxes.

THEOREM 4.11 (Damdsdi, 2017, [Dam17]). Let F be a finite family of compact
conver sets in RY. Suppose that the intersection of any d(d+3)/2 or fewer contains
an ellipsoid of volume one. Then, (| F contains an ellipsoid of volume one.

The first proof of this result was by Gabor Damaéasdi in his master’s thesis.
A very different proof can be obtained using the methods from Section (see
[SXS21]). We include Damadsdi’s proof here.

PROOF. Let F be a finite family of compact convex sets such that the intersec-
tion of any d(d+3)/2 or fewer contains an ellipsoid of volume one. By Problem [A[5]
() F has positive volume, so it contains an ellipsoid of positive volume. Therefore,
the problem is equivalent to the following: assume that the John ellipsoid of (| F
has volume A. Then, there exists a subfamily 7' C F of d(d + 3)/2 or fewer sets
whose John ellipsoid has volume at most A.

Using a linear transformation, we may assume without loss of generality that
By is the John ellipsoid of (| F. We will go a bit further than what the problem
requires and show that there exists a subfamily 7' C F whose John ellipsoid is also
By.

By John’s theorem, there are contact points ui,...,u, in SgN O ([ F) that
form a John decomposition of unity. Using Carathéodory’s theorem as in the proof
of Theorem we can assume k < d(d + 3)/2. For each u;, since u; € 9 (" F),
we can find at least one set K; € F such that u; € 0K;. The family

F ={K;:i=1,...,k}

satisfies that u; € 9 (| F’) for each i. Since these vectors form a John decomposi-
tion of unity, it means that By is the maximal volume ellipsoid in 9 ((F’), as we
wanted.

This result allows us to obtain a simple volumetric Helly without any witness
sets.

Corollary 4.12. Let F be a finite family of convex sets in R%. Suppose that the
intersection of any d(d + 3)/2 or fewer sets in F has volume at least 1. Then, the
volume of (\F is at least d=9.

PROOF. Let F' C F be a subfamily of d(d 4+ 3)/2 or fewer sets of F. By the
conditions given, the volume of its intersection must be at least 1. Then, the volume
of the John ellipsoid of [ F’ has volume at least d~¢. By Damésdi’s theorem, (| F
contains an ellipsoid of volume d~¢, which must be a lower bound for its volume. [

6. Problems of Chapter 4

Problem 1. Let S? be the unit sphere in R3. Prove that a plank of width w
can cover at most a (w/2)-fraction of the surface area of S* (in general, it will
cover ezactly a (w/2)-fraction of the surface area if the two bounding hyperplanes
intersect the sphere).
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Problem [42. (Putnam 2019, A4) Let f be a continuous real-valued function on
R3. Suppose that for every sphere S of radius 1, the integral of f(x,y,z) over the
surface of S equals 0. Must f(x,y,z) be identically 0%

Problem [413. Prove that there exists a function

~v:(0,1) = (0,1)

¢ (c)
such that the following happens. For any n unit vectors vi, ..., v, in R There
erists a unit vector v such that
(v, v;)] > ed™1/?

for at least vy(c)n indices i. Moreover, v(c) — 1 as ¢ — 0.

Problem [44. Prove that the Helly number in Theorem [/.1] is optimal. In other
words, for each e > 0, construct a finite family F of convex sets in R¢ such that the
intersection of any 2d — 1 or fewer sets of F has volume at least 1 but the volume
of NF is at most €.

Problem [4]5. (Steinitz, 1913, 1914, 1916 [Ste13l[Ste14[Ste16[[]) Let F be a finite
family of convex sets in R®. Suppose that the intersection of any 2d or fewer sets
of F has non-empty interior. Show that (| F has non-empty interior.

Problem 6. Let C be a compact conver set in R?. Let A be a simplex contained
in C of mazimal volume, with barycenter p. Prove that

C C —d(S—p)+p.

Problem 7.(Putnam 2016, B3) Let X be a finite set of points in the plane such
that the area of any triangle with vertices in X is at most one. Show that there
exists a triangle of area four that covers X.

Problem []8. For each positive integer n show that there exists a positive real
number € = g(n) such that the following holds. Any convex polygon in the plane of
at most n sides that contains a circle of radius 1 must also contain a square of area
2+e¢.

5What’s the story here? Steinitz wrote a 3-part paper which was published as he built up on
previous work. The 1914 one contains the theorem of this problem. An interesting bit: all three
appeared before the first published proof of Helly’s theorem by Radon in 1921.



CHAPTER 5

Hints for the problems

1. Hints for problems in Chapter
Hint [@.1.

Hint [112.

Hint [1}3.Draw a picture for d = 2. Use the hyperplane separation theorem

2. Hints for problems in Chapter
Hint [2/1.Use Carathédory’s theorem

Hint [22.

Hint [213.Use Radon’s theorem. What can you do with a Radon partition of the
d + 2 points?

Hint [2}4.Let’s look at the case n = 4. Suppose that Uy = {1,2,4} and U, = {3,4}.
Consider the vectors v; = (1/3,1/3,0,1/3), v2 = (0,0,1/2,1/2). Generalize this
construction and try to use Radon’s theorem.

Hint 5. Given a set X C RY, consider the set Xx = {z € R : 2 + K C X}.
Hint [2}6.Project the boxes to one of the coordinate axis.

Hint [2}7.This is one of the problem in which it’s easier to prove something more
general. Try to show that for any mn + 1 closed intervals in R, we can either find
m + 1 which are pairwise disjoint, or n 4+ 1 which are intersecting. Use induction

Hint 8. For each point p of F', consider the closed disk of radius § centered at
p. What can you say about this new family?

Hint [2}9. For each vertical segment I, consider the set
K; = {(m,b) : the line y = ma + b intersects I}.
Hint 10. Consider a convex set K in R?. How can you parametrize the set

C(K) of axis-parallel rectangles of area greater than or equal to 1 contained in K
as a subset of R*? Can you make it so that C(K) is also convex?

Hint 2111. Solve Problem first. How can you lower the dimension of the
parametrization by one without losing the essence of the argument?

Hint [2112. Use Carathéodory’s theorem.

Hint 13.For every sheep z, consider the point (z,1) € R*!. For every wolf
y, consider the point (—y, —1) in R4*!. Make a drawing of what this is doing for
d = 2 to see how this construction may help.

49
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Hint 2.14.

3. Hints for problems in Chapter

Hint [3]1. Consider a vertical line ¢, that halves the set of 2r points and a horizontal
line /5, that halves the set of 2r points. What can you do with the four quadrants?

Hint [3].2.
Hint [3]3. Use Carathéodory’s theorem repeatedly.
Hint 4. Use a mix of hyperplanes and copies of R.

Hint 5. For each set Uj;, give it a vector in R™ whose entries are only zero or
one. How can you reduce the dimension to work in R*~1? Why would Tverberg’s
theorem help in this case?

Hint [3]6. Use the vertices of a cube to guide your construction.

Hint 7 . Adapt Lovdsz’s proof of the colorful Helly theorem (that’s the proof
presented in these notes). You may need to use Doignon’s theorem in the proof.

Hint [3]8. Use the tensor product technique in Sarkaria’s proof of Tverberg’s

theorem and combine it with Carathéodory’s theorem.

4. Hints for problems in Chapter

Hint [4l1. View the sphere as a solid of revolution. Recall that the surface area of
a solid of revolution around the z-axis, parametrized by the formula y = f(x) for
a < x < bis given by

S = 27r/abf(x)\/1 + (f"(x))? de.

Hint [4}2.Solve the previous problem first

Hint [43. Consider caps on a sphere of a fixed size. Use a probabilistic argument.
Hint [44.

Hint [5.

Hint [46.

Hint [41.7.

Hint [418. Reduce the problem to the case when the sides of the polygon are all
tangent to the circle. How can you parametrize all these polygons? Recall that a
continuous function f : X — R where X is a compact set must achieve a minimum.
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Solutions for the problems

1. Solutions for problems in Chapter
Solution [I11.

Solution [112.

Solution [113.

2. Solutions for problems in Chapter

Solution [2}1.We will use Carathéodory’s theorem, Theorem It is enough to
show that for any x,y,z € X, we have that p & conv({x,y,y}). If this is not the
case, then we have Zxpy + Lypz + Lzpr = 2w, as it would be a full rotation around
p. However, by the pigeonhole principle then at least one of the three angles must
be greater than or equal to 27/3.

Solution [212.

Solution [23.Since we have d + 2 non-zero vectors, by Radon’s theorem there is
a partition of them into two sets A, B such that conv A Nconv B # (). Let p be a
point in this intersection. Then,

p= Zaaa:ZBbbv

acA beB
where the two sets of coefficients {a, : a € A}, {Bp : b € B} are made of non-
negative real numbers and each of them sums to 1. Now consider the dot product
(p,p). We know that

0 < [pl* = (p,p) = (D at, > Bib) = > Y caBo(asb)

acA beB acAbeB

Now assume that (a,b) < 0 for all @ € A,b € B in search of a contradiction. This
means that the right-hand side of the sum above must be non-negative. However,
since the sum of the coefficients o, and the sum of the coefficients 3; is positive,
there must be at leat one @’ € A and a b’ € B such that o, > 0 and 8,y > 0. This
implies that a, By (a’,b’) < 0, so the right-hand side of the equation above must
be negative. In particular, this implies that 0 < 0, which is the contradiction we
wanted.

Solution [2}4. Consider e; the i-th element in the canonical basis in R™, where the
i-th coordinate is 1 and the rest are zero. For each set U; consider the vector

1
’Uj = — Z €;
U1\ &
J
For example, if n = 4 and Uy = {1, 2,4}, we would have v; = £(1,1,0,1).

51



52 6. SOLUTIONS FOR THE PROBLEMS

Consider H the hyperplane in R"™ of all vectors whose coordinates add to 1. In
other words, H = {v € R": (v, (1,...,1)) =1}.

Note that v; € H for all j, and H has dimension n — 1. Since we have n + 1
such vectors, we can use Radon’s theorem on them and find a partition A, B of the
set [n 4 1] such that conv({v; : j € A}) Nconv({v; : j € B}) # 0.

Now let’s write a point p in this intersection as a convex combination of the

two sets
p = Z QU5 = Z QU5

jeA jeB
We are using the same notation «; for each convex combination. Since the term
with coefficient zero do not affect those sums, we can trim them out. Formally, we
consider the subsets A’ = {j € A:a; >0}, B'={j € B: o; > 0}. Now, we claim
that those are the two sets we wanted.

Uu=UUu

JEA’ jeEB’
To view this, note that ¢ € U; if and only if {(e;,v;) > 0. Therefore, (p,e;) > 0 if

and only if
0< <Z QVj, ei> = Z OZj<Uj, €i>.
JEA jEA
Since o; > 0 for all j € A’, the sum above is positive if and only if one of the terms
(vj, €;) is positive, which is equivalent to i € {J;c 4, U;. If we do the same for B’ we
get the desired conclusion.

Solution 5. Given a set X C RY, consider the set Xx = {r € R : 2+ K C X}.
Note that if X is convex, then Xk is also convex. Let Fx = {Xg : X € F}.
Since F is a finite family of convex sets, the Fx is also a finite family of convex
sets. The condition of the problem implies that for any d+ 1 members of Fg, their
intersection is non-empty. By Helly’s theorem, (| Fx # (). This means there must
exist an z € R? such that = + K is a subset of each X € F, as we wanted to prove.

Solution [26.An axis-parallel box C can be written as a direct product of intervals,
C = [a1.¢,b1,c] X [az,c,ba,c] X -+ X [ag,c,ba,c]. The projection of C onto the j-
th coordinate axis is the interval [a;j c,bj.c]. If any two axis-parallel boxes have a
point in their intersection, then so do their projections onto the j-th cannonical axis.
Therefore, we can apply Helly’s theorem on that axis (which is one-dimensional),
and obtain that there is a value ¢; such that a;c < ¢; < bj ¢ for all C € F.

If we repeat this argument with every coordinate, we obtain that the point
(c1,...,¢q) is in the intersection of the whole family.

Solution [217.Let’s show that for any mn + 1 closed intervals in R, we can either
find m+ 1 which are pairwise disjoint, or n+ 1 which are intersecting. Let’s do this
with induction on m.

Base of induction. The case m = 1 and any n is Helly’s theorem in dimension
one.

Hypothesis of induction. Assume that for some m (and any n), the result holds.

Inductive step. Now assume we have n(m+1)+1 closed intervals. Let I = [a, b]
be the interval in the family such that the value a is maximal. Any other interval
I' = [d/, V'] that intersect I must satisfy o’ < a (by the maximality of a), and b’ > a
(as otherwise the intervals would be disjoint). Therefore, a € I'. In other words,
every interval that intersects I must contain a. If at least n other intervals intersect
I, then we are done as we would have at least n + 1 intervals with a non-empty
intersection. If we can find at most n — 1 other intervals that intersect I, then
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we have at least n(m + 1) + 1 —n = nm + 1 intervals left (we also excluded I in
this count). By the hypothesis of induction, among those we can find either n + 1
intersecting intervals or m + 1 pairwise disjoin intervals. In the first case, we are
done. In the second case, we can append I to this collection and obtain m + 2
intervals that are pairwise disjoint. This concludes the proof by induction.

Solution [2}8. Note that if a triangle has sides of length 1 or less, its circumradius
must be at most @, which is the circumradius of an equilateral triangle of side-
length 1. This is because as we increase the length of the smallest side of a triangle,
its circumradius also increases.

For each point p of F, consider the closed disk C), of radius
In other words, C) = {m € R? : dist(z,p) < @} .
For any three points p, q,r € I, they make a triangle of side-length at most 1.

V3

5> centered at p.

This means that the circumradius of Apgr is at most § The circumcenter o of

Apgr satisfies dist(p, 0) < @,dist(q, 0) < @, and dist(r, 0) < @ In other words
o€ Cp,0€Cy,and 0 € C,.

The family F = {C)}, : p € F'} is a family of convex sets in the plane, and every
three or fewer of them intersect. Therefore, there is a point z in (| F. The final
observation is that € C,, is equivalent to p € Cy, so x € [ F is equivalent to

UF c C,, as we wanted to show.

Solution [219. For each vertical segment I, consider the set
K; = {(m,b) : the line y = mzx + b intersects I}.

Let us show that if I is a vertical segment in the plane, then K7 is convex. We do
this using the definition of convexity. Suppose that all the points in I have a first
coordinate xg. Let (mq,b1) and (ma, bs) be two points in K. For a € [0,1], let us
show that (mg,b3) = a(mi,b1) + (1 — a)(ma, by) is also in K;. We know that the
values y; = mizo + ¢1 and yo = maxg + co are heights achieved by I. Since [ is an
interval (and therefore convex), so is the value y3 = ay; + (1 — a)ye.

However,

yz = a(mizg + b1) + (1 — @) (maxzg + ba)
= (amq + (1 — a)ma)zo + (aby + (1 — a)bs)
= ms3xg + bg

Therefore, (0, y3) is a point of I that is on the line y = msx + c3, and therefore
(mg, bg) € Kj.

The family of set {K; : I € F} is a finite family of convex sets. Since any
three intervals in F have a line transversal, any three sets in the new family have a
point of intersection. By Helly’s theorem, this family has a non-empty intersection,
which corresponds to a line intersecting every interval.

Solution [2}10. Consider an axis-parallel rectangle B in the plane. Suppose the
lower-left corner is (x1,y1) and the top-right corner is (z2,y2). We represent it by
the point (1,1, 2, y2) € R*. Note that the area of the rectangle is (xo —x1)(y2 —
Y1)

Given K C R?, let C(K) be the set of points in R* which represent axis-parallel
boxes in K that have area greater than or equal to 1. We claim that if K is convex,
then C'(K) is also convex. Let us show this by the definition of convexity.

suppose that we have two points p = (z1,y1,21 + a1,91 + b1) € C(K) and
d = (z2,y2, T2 + as,y2 + b2). We choose this representation so that the areas asbs
is easier to work with. We know a1by > 1 and agby > 2.
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Now let’s show that the axis-parallel rectangle represented by ap + (¢ for
a, B > 0 such that a + 3 =1 is contained in K. Note that

ap+ Bq = (axy + Bxy, oy + By, a(xy +a1) + B(xe + az), a(yr +b1) + B(y2 + b2))

The four corners of this rectangle are convex combinations of the corresponding
corners of the rectangles represented by p and by ¢. Since K is convex, each of
these new points is a point of K. Then, since K is convex, it contains the convex
hull of these four points, which is the axis-parallel rectangle we wanted.

Now let us show that the area of this new box is at least 1. The sides of this
new box are aa; + Bas and ab; + Bby We just want to show that

(aas + Baz) (aby + Bby) > 1
<

oz2albl + O[ﬂ(albg + agbl) + ﬁ2a2b2 1

We can use the fact that a;by > 1, asby > 1 and a1bs + asb; > ai(1/as) +
as(1/ay) > 2 (the last inequality is due to the arithmetic mean / geometric mean
inequality) to get that

a?arby + aB(arby + asby) + fragby > o® +2af + 5% = (a+ B)* = 1.

Therefore, the area of this new rectangle is at least 1.

Now, let F be a finite family of convex sets in the plane as the problem indicates.
Let C(F) = {C(K) : K € F}. This is a finite family of convex sets in R*. Now,
since for every five sets in F there exists an axis-parallel rectangles of area one
in their intersection, this means that every five sets in F have at least one point
in common. By Helly’s theorem in R*, there exists a point in the intersection of
C(F). This point represents an axis-parallel rectangle of area at least one that is
contained in every set of F, as we wanted.

Solution 2L11. We follow a similar solution to that of Problem [II0] Given a set
K, let C'(K) be the set of points (z1,y1,22) € R? such that x5 > x; and there
exists a value yo > y; such that the axis-parallel rectangle in the plane with lower-
left corner (x1,y1) and top-right corner (z3,ys2) is contained in K and has area at
least 1. This is the projection of the set C'(K) from the solution of Problem
onto its first three coordinates. Therefore, by the same arguments, if K is convex,
then C'(K) is also convex.

Now, given a finite family F of convex sets in the plane, as in the problem,
define C'(F) = {C'(K) : K € F}. This is a finite family of convex sets in R3.
Since any four sets in F contain an axis-parallel rectangle of area at least 1, then
their corresponding sets in C’(F) intersect. By Helly’s theorem in R3, there exists
a point in (C'(F). If this point is (z,y, z), then certainly every set in F contains

1
z—x

the axis-parallel box with lower-left corner (z,y) and top-right corner (z, Y+

This is because if they contain at least one valid box representing (x,y, z), they also
contain the box with minimal height that represents (z,y, z), and we are done.

As an additional challenge, you can go through this argument to see why it fails
if we only assume every three sets in F contain a common axis-parallel rectangle
of area 1. Then, construct a family of four convex sets in the plane such that any
three contain an axis-parallel rectangle of area one, but all four do not.

Solution [2112. Assume that they points are not in convex position. This means
there is a point € X such that z € conv(X \ {z}). By Carathéodory’s theorem,
there exists a subset A of at most d + 1 points of X \ {z} such that x € conv(A).
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If |A] < d+ 1, we can add any other points of X \ {z} to A to reach d + 1 points.
This implies that AU {z} is the subset we wanted to find.

Solution 13. Let X be the set of sheep in R¢ and Y be the set of wolves in R?.
We can separate the animals with a straight fence if and only if conv(X)Nconv(Y) =
(). For every sheep x, consider the point (x,1) € R4*+!. For every wolf y, consider
the point (—y, —1) in R4, Let X’ and Y’ be the resulting set of sheep and wolves
in R, We claim that conv(X) N conv(Y) # () if and only if 0 € conv(X’ UY"),
where 0 represents the origin in R%+! in the second equation.

If conv(X) Nconv(Y) # 0, let p be a point in this intersection. Then, (p,1) €
conv(X’) and (—p,—1) € conv(Y”). Therefore, since 0 is the midpoint between
(p,1) and (—p, —1), we have that 0 € conv(X’'UY”). In the other direction, assume
that 0 € conv(X’ UY”). Notice that

conv(X’' UY") = conv((conv X') U (conv Y")).

Since conv(X’) is contained in the hyperplane with last coordinate equal to 1,
and conv(Y”) is contained in the hyperplane with last coordinate equal to —1, the
only way to have 0 as a convex combination of points in X’ UY”’ is to have a
point (p,1) € conv(X’) and and point (¢,—1) € conv(Y”) such that 0 is in the
segment between (p, 1) and (¢, —1). The last coordinate implies that 0 must be the
midpoint between these two points, so ¢ = —p. This means that p € conv(X) and
—p € conv(—Y'), so p € conv(Y'). Therefore, p € conv(X) Nconv(Y).

Now, back to the problem, if conv(X) N conv(Y) # @, this meas that 0 €
conv(X’ UY"). Using Carathéodory’s theorem in R*!, there must be a subset of
size d+2 of X'UY” whose convex hull contain 0. Suppose this subset is made by the
union of some set A’ C X’ and B’ C Y’'. We denote by A and B the corresponding
subsets of X and Y. By the arguments above, since 0 € conv(A’ U B’), we have
that conv(A)Nconv(B) # (). These are the d+ 2 animals that cannot be separated
by a straight fence.

Solution 2114.

3. Solutions for problems in Chapter

Solution [3}1. Consider a vertical line £, that halves the set of 2r points and a
horizontal line ¢; that halves the set of 2r points. These lines divide the plane into
four quadrants. Suppose that there are a points in the top-left quadrant. This
means there must be r — a points in each of the adjacent quadrants, and therefore
also a points in the last quadrant.

If we denote by p = £, N ¢}, the point p is contained in Rec({x,y}) for any two
points x,y in opposite quadrants. The number of pairing the points with those of
opposite quadrants is

9 5 T2 r? s 12 (r—2a)? _ r?
a®+(r (1)—2—&—2 2m—|—2a—2—|— 5 5
Proving the clainﬂ

e For the challenge portion, suppose the contrary and consider a partition of
our set of 2r points in R? into pairs whose induced rectangles all intersect. Let p
be a point in the intersection. Each of the three axis-aligned planes going through
p should halve the 2r points. Moreover, there will be the same number of points
in the opposite octants induced by these 2r points. To avoid this from happening,

LThis last inequality is a consequence of almost any olympiad-level inequality you can find,
such as the quadratic mean - arithmetic mean , \/(z2 + y2)/2 > (z + y)/2.
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we can place /2 points concentrated near each of the points (1,1,1), (1, -1, —1),
(-1,1,-1), (—=1,—1,1), for example.

Solution [3l2.

Solution [3]3. Let S be our set of points and p be a centerpoint of S. We are going

to construct pairwise disjoint sets A1, ..., Ax whose convex hulls all contain p, by
induction. We will also require that |4;| < d+ 1 for all j.
Assume that we have constructed Ay, ..., Ay for some k < r — 1 (this includes

the starting case!l). We may assume without loss of generality that p € conv A;
for all j, and that p & conv(A; \ {z}) for all x € A;. Let H be a hyperplane
going through p and H*t be a closed hyperplane. If A; does not have points
outside of H*, it means that conv(A; N H) contains p, and therefore we can assume
|A;] < d. Otherwise, |A; N H*| < d. In either case if we remove A; from S, we
have removed at most d points from S*. We also know that since p is a centerpoint
of S, |SNH*|>T|S|/(d+1)] = (r —1)d+ 1 Therefore,

k
s\[UA4i||z(-1Dd+1-kd=(r—1-k)d+1>1.
j=1

Therefore, every closed half-space that contains p hast at least one point of ’S \ (Ule Ai) ,
which means that

k
p €conv | [S\ U A;
j=1
This implies we can construct Ag1.

Solution [3l4. We are going to take n — k hyperplanes in general position, and k
copies of R?. For any intersecting subfamily, it will have some copies of R¢, and
some hyperplanes. Since the hyperplanes are in general position, we will have at
most d of them, so the intersecting subfamilies have size at most k + d.

Now let’s count the number of intersecting (d + 1)-tuples. The total number
of (d + 1)-tuples is ( dil), so we can instead count the number of non-intersecting
(d + 1)-tuples. For this, we need to pick d 4+ 1 hyperplanes, and any d + 1 will do.
Therefore, the number of intersecting (d + 1)-tuples is ( dj_l) - (Z;]f)

For Kalai’s bound, let’s suppose that k ~ 8n, so that the total fraction of the
family (up to an additive term of d) is fn. With this construction, the number of
intersecting d + 1-tuples is

<di 1) B <(1d_+51)n> ~ (di 1) (1-(@-p)™).

We are using the approximation (Ty") ~ Y (Z), which for fixed z,y is good as
n — oo.

Then, we have o ~ 1 — (1 — 8)%*1 50 f ~ 1 — (1 — )Y@+ In other words,
Kalai’s bound for the fractional Helly theorem is optimal.

Solution 5. Denote X by [n]. For each set Uj, consider the vector v; € R”
whose i-th entry is

1/‘Uj| itieU;

0 otherwise.
If w=(1,1,...,1) € R®. Then, for all j we have that v; is in the hyperplane
H = {z € R" : (z,u) = 1}. Therefore, the (r — 1)n + 1 vectors ui, ..., U _1)n41
are contained in an affine space of dimension n — 1. This means that we can apply




3. SOLUTIONS FOR PROBLEMS IN CHAPTER 7?77 57

Tverberg’s theorem and find a partition of these vectors into r sets Xi,..., X,
whose convex hulls intersect. Let p be a point in ﬂ;:1 conv(X;). For each X, let
Bj C X be a subset such that p € conv(B;) and there exists a convex combination
of the elements of B; whose coefficients are all positive that yields p. We can
obtain B; by taking a convex combination of A; that gives p and trimming all
those elements whose coefficient is zero.

Let Y C X be the set of coordinates of p that are positive, and let A; = {i €
[(r—1)n+1] : v; € B;} for each j € [r]. To show that these are the pairwise
disjoint sets we are looking for, it is enough to show that for each j € [r] we have
Uz‘eAj Ui=Y.

To see this, notice that an coordinate of p is positive if and only if there exists
a v; € B; with that corresponding coordinate also being positive. However, the
positive coordinates of v; correspond to the elements of U;, finishing the proof of
the claim.

Note: If you want a purely combinatorial proof of this result, you might enjoy
Lindstrom’s original proof [Lin72|, which is based on Hall’s marriage theorem in
bipartite graphs. This proof using Tverberg’s theorem was found by Tverberg
himself. I had the chance to ask Tverberg about this in a conference and he
mentioned that Lindstrom and him were good friends.

Solution 6. Let V be the set of all possible 0, 1-vectors (i.e., their coordinates
are all 0 or 1). These are the vertices of the hypercube [0,1]¢. For each v € V,
consider K, = conv(V'\{v}). Notice that [, Ky is a subset of [0, 1]%. However, it
contains none of the vertices, and there are no other integer points in this hypercube.
Therefore, the intersection of this family of convex sets contains no integer points
in its intersection.

If we take any 2¢ — 1 sets K, for some v € V, there is at least one element of V
we have not removed in any of the sets, which means that the intersection of these
2% — 1 sets will contain an integer point.

Solution 7 . We will show that given 2¢ finite families of convex sets in R? if
the intersection of any 2% sets, one from each family, has at least one integer point,
then there exists at least one family whose intersection contains at least one integer
point.

For this, let Fi,...,Fqa be the families of convex sets, and let v be a vector
such that (v, m) # 0 for every non-zero integer vector m. This can be achieved by
taking the entries of v to be algebraically independent. Another way is to have the
entries of v to be (v/2,V/3,.. ., V/Pa) for the first d prime numbers.

In particular, a hyperplane with normal vector v contains at most one integer
point.

Given o € R?, consider the half-space

HY(a) ={z € R%: (x,v) > a}.

We also denote by H(«) its bounding hyperplane.

For each (2% — 1)-tuple A of sets from different families F;, consider the largest
value of o such that (NA) N HT(«) still contains an integer point. Note that, in
this case, there will be exactly one integer point in this intersection, and it will be
contained in H(a).

Among all possible (2¢ —1)-tuples, there will be one, say Ay, such that its value
«g is minimal. We may assume without loss of generality that Ag has a set of each
family except Faa. Let p be the integer point in (NAg) N H T (ap). We will show
that p € NFaa.
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Let K be a set in Fps. Consider the family Ag U {H(ao)} U {K}. If this
family has a integer point in its intersection, it can only by p since it contains
AoU{H (ap)}/. If it doesn’t, let us look for a contradiction. By Doignon’s theorem,
there must be a subset of size 2¢ that does not contain an integer point in its
intersection. We know that Ag U {K} and Ao U {H (ap)} both have integer points
in their intersection (by hypothesis and by construction, respectively). Therefore,
there must be a subfamily By C Ag of size 2% — 2 such that the intersection of the
family BoU{K}U{H (ap)} does not contain an integer point. This means that the
value «a for the (2¢ — 1)-tuple By U {K} must be lower than ag, which contradicts
the minimality of cg. This is the contradiction we were looking for.

Solution 8. Consider r vectors in R"~! whose unique linear dependence, up to
scalar multiples, is

vi+ -+ v, =0.
We follow the proof of Tverberg’s theorem, and for each j € [r] and a € A;, we

consider the vector (a,1)®wv; € RC=DE+) Tet B; ¢ RO~DE@HD Agin the proof
of Tverberg’s theorem,

T
ﬂ conv(4;) #0  in R?
j=1
is equivalent to

-
0 € conv U B; in Rr—D(d+1),
j=1

Now, by Carathéodory’s theorem, there must exist D C U;zl Bj of cardinality at
most (r —1)(d+ 1) + 1 such that 0 € conv D. Again, using the same arguments as
in the proof of Tverberg’s theorem, this means that for the corresponding set C' of
Uj—1, we have

(Aj ﬂC) # 0,
1

T

J

as we wanted to prove.

4. Solutions for problems in Chapter

Solution [4l1.Recall that the surface area of a solid of revolution in R? around the
x-axis, parametrized by the formula y = f(z) for a < & < b is given by

S = 27r/abf(x)\/1 + (f'(x))? da.

We can assume without loss of generality that the plank of width w is orthogonal
to the z-axis. For the unit sphere, we can take f(z) = v/1 — 22, and we can assume
—1<a<a+w=>b<1 (if the plank is not contained in the range [—1, 1], then we
will cut a smaller fraction of the sphere).

In this case,
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SO

a+w 1‘2
:271'/ V1—224/1+ 5 dx
a
a+w
=27 V11— 2?2 1 5 dx
— X

This last value is proportional to w, and when w = 2 we get the full sphere, finishing
our proof.

Solution [4l2. Let us first construct a non-continuous non-zero function that sat-
isfies the condition of the problem. It suffices to take

—1 if2k < 2z<2k+1 for some k € Z
flz,y,2) =

1 if 2k — 1 < z < 2k for some k € Z
every unit sphere will be covered by planks of total width 1 where the function is 1
and by planks of total width 1 where the function is —1, and the surface areas will
cancel.
To reach a continuous function, we can do this by subdividing further:

F(@,,2) = sin(r2).
Since sin(7z) can be piecewise constant functions in intervals such that if [a,b] is
an interval where the constant value is r, then [a 4 1,b+ 1] is an interval where the
constant value is —r, this function will satisfy the conditions we needE|

Solution [43.
Solution [4.4.
Solution [4.5.
Solution [4.6.
Solution [4.7.

Solution [48. Note that a circle of radius 1 always contains inscribed squares of
area 2, so we need to push things just a bit more.

We can assume without loss of generality that our polygons contain the unit
disk D of radius 1 centered at the origin. We can also assume that the sides of
the polygon are all tangent to D, as otherwise we could make the polygon smaller
by translating these sides (without increasing the area of the maximum square
contained in the polygon).

For any such polygon P, consider the n points pi,...,p, of tangency or the
sides of P on D. For each square S of area 2 with its four vertices on the boundary
of C, we can take a homothety from the origin to enlarge it as much as possible
while being contained in P. There will be some rotation of this square for which this
homothety is maximal. This is the largest square centered at the origin contained
in P. For P, let A(P) be the area of the largest square centered at the origin

2Please do not attempt to handwave so much when you participate in the Putnam!
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contained in P. Note that A(P) > 2, as there is only a finite number of tangency
points p1,...,py,, so any square that none of its vertices in one of pi,...,p, will
have a homothetic copy with factor greater than 1 contained in P.

Let S! be the boundary of D, which is the unit circle centered at the origin.
The set of n-tuples of points of S* is simply the direct product (S1)". As the direct
product of compact sets, this torus is also compact. We have a function

A (SH" SR
(plv"'apn) = A<P)

Since this function is continuous and (S1)" is compact, it must attain a min-
imum A(P) If we denote e(n) = A(Py) —2 > 0, we have that A(P) > A(Fy) =
2 + &(n), as we wanted to prove.

Note: It may seem we are overcomplicating things. Once we take the set
M = (p1,...,pn), if we denote by r the rotation by 7/2 radians on S!, we could
just take the set N = M Ur(M)Ur?(M)Ur3(M) and enlarge a square with its
vertices in the largest gap between consecutive points of N (which will have an
arc-length of at least m/2n). This would give us an explicit lower bound on e(n).
The reason we are presenting the proof above is that the same arguments give us
similar bounds in high dimensions.
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CHAPTER 7

Mass partitions

Groups, as individuals, will be known by their actions.

- Guillermo Moren(ﬂ

1. Basics of topological combinatorics

The first impression you may have of topological combinatorics might be that
this sounds like a strange mix. I have yet to find a satisfying definition of combi-
natoricsEL but everyone would agree that it primarily involves discrete objects. We
constantly study, count, and hit our heads against mathematical objects which are
finite, distinct, and discrete. The results of counting and measuring in combina-
torics are most likely non-negative integers.

Topology is the opposite in this regard. We want to study continuity and
stretch that definition as much as possible. You will see elaborate spaces, knots,
and functions which push (or break) whatever intuition we could have. As we dive
into the realm of advanced topological concepts, some combinatorial tools pop up
by themselves. Homology groups, winding numbers, the degree of a function, etc.,
help us distinguish topological spaces. In this way, combinatorial topology is quite
natural. It is relatively easy to defend why combinatorics should be useful for a
topologist, but why should topology be useful for a combinatorialist?

Well, how do you usually solve a combinatorics problem? You look for an
invariant. Pick a random combinatorics problem from a math olympiad. Finding
an invariant is most likely a very good strategy. Many surprising applications of
other fields in combinatorics rely on using invariants from that field. If we assign
linear spaces to our objects, their dimension might be relevant. If we assign them
probability distributions, maybe their expected values help us. Then, if we assign
them topological spaces or functions, the invariants we talked about (homology
groups, winding numbers, degrees, etc.) are useful again.

Discrete geometry is an excellent sandbox to play with and test this approach.
The geometry of the spaces provides a natural way to construct topological objects
associated with our problems. Yet, the resulting problems (such as topological
extensions of Tverberg’s theorem) turn into fantastic challenges for topologists.

2. Mass partitions

2.1. History of the ham sandwich theorem. The problem of finding fair
partitions of sets is ancient, and geometric versions arise naturally. Of course, one
has to agree on a suitable definition of fairness. One of the first algorithmic solutions

IThe original phrasing had “men” instead of “individuals” (and it was in Spanish), but we
can adjust it.

2My current favorite is Daniel Kleitman’s: “I do mathematics I like, and call the results
combinatorics.”

63
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to a fair division problem dates back to the Bibleﬂ where one person divides a set
in a way they consider fair, and the other chooses one of the two parts.

When partitioning a region in the plane, we can impose geometric constraints
on how the division is made. It is relatively straightforward to show that any two
sets can be bisected by a straight line (as we discuss in the next section), but halving
three sets in space with a single plane is more challenging.

This question was originally posed as a conjecture by Steinhaus and is now
known as the ham sandwich theorem. The name stems from imagining each set as
an ingredient — bread, ham, and cheese — where the goal is to prepare sandwiches for
two guestﬁ The proof in higher dimensions (three or more) relies on topological
tools. Steinhaus [Ste38] credited Banach with the first proof, which used the
Borsuk—Ulam theorem.

The ham sandwich problem also appears as problem 123 in the Scottish Book, a
collection of problems and solutions discussed by the mathematicians of the Lwow
school during their meetings at the “Scottish Café.”ﬂ As you probably guessed,
Hugo Steinhaus, Stanistaw Ulam, and Stefan Banach were among the contributors
to this collection.

A later version of the ham sandwich theorem, formulated in terms of measures
rather than volumes, was introduced by Stone and Tukey [ST42|. Steinhaus also
published an updated proof of the ham sandwich theorem and some extensions
shortly after [Ste45|, which collects the work he did while in hiding during World
War II.

2.2. Two proofs of the ham sandwich theorem in the plane. The ham
sandwich theorem is a result about diving measures fairly in R%. If you are not
familiar with measures, you can replace them with “d-dimensional volume of some
shape” or “finite sets of points”. The results for finite sets of points require a
slightly more delicate treatment, but the overall intuition is the same. Let us start
with the main result in dimension two.

In general, a measure y assigns a non-negative value to subsets of R%, so u(A)
would be the p-measure of a set A (or just the measure of A if there is no risk of
confusion). We work with measures that assign values to all Borel sets in R%. This
is a family of subsets of R? that contains all open sets, all closed sets, and is closed
under countable union and under countable intersections. We care mainly that we
can assign a measure to all open and to all closed sets in R? (we run into issues
with the axiom of choice if we want to assign a measure to all sets). If you want an
example of a measure on all integrable sets, you can pick your favorite non-negative
integrable function f:RY — R and declare for an integrable set A that

u(4) = /A ;

If K is a discrete set of R (it has no accumulation points), you can also consider
u(A) = |AN K| for all compact sets A. This would be an example of a discrete
measure. Most results in this area are either for smooth measures (such as the
integral example, but there are many others), so that the topological methods yield
continuous functions. Some proofs involve discrete measures, so that we can apply
some geometric arguments, as we will see later on. This distinction is not really
a problem, as often the results for smooth measures and for discrete measures are
equivalent (each one implies the other).

3Abraham and Lot’s dispute in Genesis.

4Steinhaus’ original interpretation was notably more carnivorous. He envisioned cutting a
piece of meat so that the two halves contained equal amounts of meat, bone, and skin.

5Despite the name, the meetings took place in Lwéw, Poland.
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THEOREM 7.1 (Ham sandwich in the plane). Let p1, o be two finite measures
in R? so that every line has measure zero in each of w1 and po. Then, there exists
a line splitting the plane into two closed half-planes Hy, Hs so that

pa(Hy) = pi(He)
p2(Hy) = p2(Ha).

The name follows since we can think of u; as the ham and us as the bread.
Then, the theorem tells us that we can make two fair sandwiches by making a single
straight cut, regardless of how the ingredients were set on the table. We discuss
two different ways to approach this problem. The first one uses the intermediate
value theorem.

PRrOOF. We denote by S' the set of unit vectors in R2. For each v € S,
consider a the line ¢ perpendicular to v. This line can be expressed as

(= {z e R (x,v) = \}
for some A € R. It defines two half-planes

Hf ={z e R": (z,v) > \}
H; ={z e R%: (z,v) <)}

Notice that p1(H,") is a decreasing function of A, and p1(H, ) is an increasing
function of A\. There must be an interval in which uq(H,") = pi(H, ). Given v,
we choose A to be the midpoint of this interval. This guarantees that ¢ is bisecting
w1 and that if we replace v by —v the line ¢ remains the same (the two half-spaces
H}', H; would swap names).

Now consider the function

f:S'=SR
v pa(H}) = ia(H).
By the conditions on the measures, f is a continuous function. Moreover, we
have f(v) = f(—v). Pick a particular vector v. If f(v) = 0, then ¢ bisects both
measures. Otherwise, as we move along S' from v to —v, f changes sign. By the

intermediate value theorem, there is a vector vy such that f(vg) = 0. This means
that its corresponding line ¢y halves both measures simultaneously. O

The second proof involves parametrizing the set of half-planes in R2. For any
half-plane H* we can find a unique unit vector v € S and a real number )\ such
that

HT ={z cR*: (v,z) > \}
Therefore we can parametrize the set of half-planes with S! x R. We can consider
every element (v,\) € S! x R as a subset of R?, which looks like a cylinder.
Therefore, we can construct a the function

g:S' xR — S?

1
=
This function is injective. Its image only misses the north pole and the south
pole of S%2. We can assign a half-space to almost every point in S2.
However, for any v € S!, the hyperplane defined by (v, \) moves away from
the origin as A — oo. Similarly, H starts to cover the whole plane as A — —oo.
By convention, we associate to (0,0, 1) the set # and to (0,0, —1) the set R?. We
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consider these as “degenerate” half-planes. This gives us a way of assigning a subset
of R? to each point of S2. We assign a closed half-plane to most points of $2, but
the two poles get these special sets.

Every closed half-plane has a bounding line. We say that the bounding line of
the two degenerate hyperplanes is the “line at inﬁnity”ﬁ

SECOND PROOF OF THE HAM SANDWICH THEOREM. Assign to every point u €
S? a (possibly degenerate) half-plane H* in R? as above. Notice that the half-
planes assigned to u and —u are complementary, i.e., they share the same bounding
line. Now we construct a function

f:58% = R?
uH(mUﬁ?—;nmﬂwﬂHﬂ—;mUVO-

The construction guarantees two things:

e the function f is continuous and
e for every u € S? we have f(u) = f(—u).

Fortunately, the Borsuk-Ulam theorem guarantees that this function will have
a zero. This zero corresponds to a half-plane H ' that has half of each measure, so
its complement must have the other half. O

The second proof might seem much more involved than the first one, so what’s
the point of including it? In this case, we can extract a bit more. For example, the
second proof works for charges, which are more general than measures (they can
assign negative values to sets).

3. The Borsuk—Ulam theorem

Most of this book is “black box topology”, as we do not intend to build the
theory nor prove the most technical tools. However, since the Borsuk—Ulam theorem
is so prevalent in topological combinatorics, we must make an exception.

THEOREM 7.2 (Borsuk-Ulam). Let f: S — R? be a continuous odd function.
Then, there exists x € S¢ such that f(x) = 0.

There are plenty of proofs of this result, depending on how much algebraic
topology you want to throw at it. Since we are not building too much theory here,
we will follow Imre Bardny’s geometric proof [Bar80].

First, we build our intuition. Consider a generic continuous smooth map
g :R* — R%. By generic, we mean that the Jacobian is non-singular at any point.
Then, for any p € R?, the set f~1(p) consists of a discrete (possibly infinite) set of
points in R%. The same holds for generic maps g : M — N where M and N are
d-dimensional manifolds.

Now, let’s consider the case g : M — N where M is (d + 1)-dimensional and N
is d-dimensional. We can take as an example M = R>, N =R. If g: R?2 —» R, we
can construct the graph of this function as the set

{(z,y,9(z,y)) : x,y € R} C R,

which looks like a mountain range. If we intersect this mountain range with a
horizontal plane at height h, we see g~'(h). Unless we are very unlucky, this is
generally the union of sets homeomorphic to circles or infinite lines, as in Figure

1l

6This convention is helpful when you learn projective geometry. We do not need to dive into
that topic in these notes.
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»
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h

FIGURE 7.1. If h is a regular value of g, then at height h we see
connected components homeomorphic to circles or lines.

Now let’s think of the case of maps between smooth manifolds M, of dimension
d+1, and N, of dimension d. If M has a boundary, the set g~!(p) for some p € N
can be a bit more complicated, but not much. If g is generic enough, then g=!(p)
is a 1-dimensional manifold. Its connected components are either homeomorphic
to a circle or a segment with endpoints in OM.

PROOF OF THE BORSUK—ULAM THEOREM. Suppose we have a continuous odd
map f: S — R? We construct a second odd map

fo: 8" = R?
(1, ., Tay1) = (x1,...,24q).

This map has a single pair of antipodal points going to zero, fo_l(O) = +e4y1. Now
we define a map on a high-dimensional cylinder S¢ x [0, 1].

h:S8%x[0,1] = R?
(@,t) = tf (@) + (1= t) fo(x).

We have h(z,0) = fo(z) and h(x,1) = f(z) for all z € S so h interpolates
between our two maps. Moreover, h is odd on the first variable: h(—x,t) = —h(x,t)
for all (z,t) € S x [0,1]. If h is generic enough, then Z = h=1(0) C S x [0,1]
is a 1-dimensional manifold. Its connected components are either homeomorphic
to circles (we don’t care about those) or to segments. The segments must have
their endpoints in 9(S¢ x [0,1]) = S¢ x {0,1}. See Figure for an illustration.
Consider the function z : S x [0,1] — S¢ x [0,1] defined by z(x,t) = (—x,t).
Notice z : Z — Z. Moreover, z must map connected components of Z to connected
components of Z. In particular, it sends the connected components homeomorphic
to segments to connected components homeomorphic to segments. If I is one of
those components, the z(I) # I, as any continuous map from a segment to itself
must have a fixed point.

Therefore, the only antipodal pair of zeros in S¢ x {0} must be connected in Z
to another pair of zeros in S x {1}, implying that f has zeros. O

The proof assumes that h is generic enough, which is not always true. However,
h can be approximated by generic maps which are odd in the first variable and do
not change in S x {0} [Tho54]. An alternative way is to use simplicial complexes
and piece-wise linear maps instead of differential geometry, as Musin did recently
[Mus12].
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FIGURE 7.2. An illustration of Bardny’s proof of the Borsuk—Ulam
theorem. In the cylinder we highlight the set of zeroes of h. The
pair of zeroes in the bottom sphere must be connected to zeroes
on the top sphere. Antipodal pairs of zeroes of f cancel each other
in pairs as shown.

4. High-dimensional mass partitions

4.1. Proving the ham sandwich theorem. Now we can prove the ham
sandwich theorem in R¢. Fortunately, there are no surprises.

THEOREM 7.3. Let pi1,...,uq be finite measures in R, Assume that every
hyperplane has measure zero in each of u1,...,uq. Then, there exists a hyperplane
such that its two complementary closed half-spaces HT, H™ satisfy

wil HY) = pi(H™) fori=1,...,d.

PrOOF. Let S%1 C R? be the set of unit vectors in R%. For v € S 1, let H,
be the hyperplane orthogonal to v that splits pq into two equal parts. If there is a
range of hyperplanes that do this, we pick one at the midpoint of this range. Let
Hf={z+av:z€ H,, a >0}
H ={x+av:z € H,, a<0}.
Now we define a function
fi8Tt R

v (ua(H) = pa(HS ), pa(H) = pa(H) )

The function f is continuous. Moreover, since Hf = H~, and H, = H', , we
know f(v) = —f(—v). Therefore, by the Borsuk—Ulam theorem, f must have a

zero vg. The hyperplane H,,, simultaneously halves all measures. O

We have to be careful about the conditions on the measures or the result
may not hold. However, since every measure in R? can be approximated by nice
measureg| we can use the following ham sandwich theorem for general measures.

7Legalese: the set of measures in R? absolutely continuous with respect to the Lebesgue
measure is dense in the space of all possible measures, equipped with the weak topology.
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THEOREM 7.4 (General ham sandwich theorem). Let uq,...,pq be finite mea-
sures in R®. Then, there exists a hyperplane such that its two complementary closed
half-spaces HT, H™ satisfy

S
=
v

and

IS
=
N,

pi(

wi(H™)

IS
=
NG,

vV
DN = N =

foralli=1,...,d.

One way to think about hyperplanes is as the set of zeros of a multivariate
polynomial of degree one. If we increase the complexity of the polynomial, we can
simultaneously halve more measures.

THEOREM 7.5 (Stone, Tukey 1942 [ST42]). Let k,d be positive integers. For
any (d‘};k) — 1 finite measures in R? such that any hyperplane has measure zero in
each measure, there exists a multi-variate polynomial P : R — R of degree at most
k such that

u({z € R?: P(a) > 0}) = p({o € R?: P(a) < 0})
for all given measures .
d+k

PRrOOF. We consider a Veronese map V : R — R(C)=1 = RY that has one
dimension for each non-constant monomial on d variables of degree at most k. For
example, for d = 3,k = 2 we have

V($7y72) = (952»y27227$y7$273127$>y72) € ]R‘(g)71 = Rg‘

When we lift each measure of the N measures to RY, we obtain a measure in
the higher-dimensional space. We can now apply the ham sandwich theorem in
RY. The halving hyperplane in RY corresponds to the polynomial we were looking
for. O

Of course, if we restrict the Veronese map to lift R? to a lower-dimensional
space, we obtain interesting consequences.

Corollary 7.6. Let k be a positive integer. Suppose we are given k + 1 finite
measures i1, fla, - .., 1 in R2. Then, there exists a polynomial P of degree at
most k whose graph splits each measure into two equal parts.

In particular, even though we can split two measures in the plane with a line,
we can split any three measures with a vertical parabola.

It’s worth our time to play a bit with these lifting arguments. Consider the
following example. We say a wedge in R? is the intersection of two closed half-
spaces. In 2001, Bardny and Matousek proved that for any three measures in R?
there exists a wedge containing exactly half of each measure [BMO1]. This was
extended by Schnider to d + 1 measures in R? [Sch19]. Here is a recent simpler
proof [ST21]. We require that each hyperplane has measure zero in each measure.

PROOF. Let v € S ! be a fixed direction. By Problem there either exists
a halving hyperplane H for all measures (in which case we are done), or there exists
a hyperplane H such that each side has strictly less than half of some measure. Now
embed R? — R?*! by appending a coordinate 0, namely x + (z,0). We can lift
the measures to a surface S(H) by sending x — (z,dist(z, H)). Notice that the
surface S(H) is contained in the union of two hyperplanes (see Figure [7.3).

We now have d 4+ 1 measures in R%*!. The measures may not satisfy the
conditions to use the ham sandwich theorem, but we can certainly use the ham
sandwich theorem for general measures. By the construction of H, it’s easy to
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show that the halving hyperplane H’ is not one of the two flat components of
S(H). Therefore the measure of H’ is zero in each of the lifted measures. When
we project H' N S(H) down to R?, we obtain the wedge we were looking for. [

Rd < IRd+1

FIGURE 7.3. An illustration of S(H) for d = 2

4.2. A non-topological proof, for the disbeliever. While the ham sand-
wich theorem has become the “poster child” for applications of the Borsuk—Ulam
theorem, it is an interesting question whether a topological tool is strictly necessary.
In a strict sense, it is necessary, as the two theorems are now known to be equivalent
[KS17]. Yet, in this section we give a purely geometric proof. This does not cause
a conflict with the results of Karthik et al.. Instead, it means that by following
the techniques of this section we can get a very convoluted (yet elementary) proof
of the Borsuk—Ulam theorem. The version of the ham sandwich theorem we prove
is for discrete sets of points, each with an odd cardinality, instead of measures. It
is a standard argument in measure theory to show that the theorem below and
Theorem [7.4] are equivalent.

Given a finite set of points P such that |P| is odd and a hyperplane H, we say
that H bisects P if each closed half-space defined by H has at least |P|/2 points.
If |P| = 2k + 1 and H, notice that H must contain a point of P to be able to
bisect the set. Moreover, if it contains exactly one point from P, then each open
half-space must have exactly k& points of P bisect it.

THEOREM 7.7 (Discrete ham sandwich for odd sets). Let Py,..., P; be finite
sets of points in R, each with an odd number of points. Then, there exists a
hyperplane such that bisects every P;.

By a standard approximation argument, we may assume without loss of gener-
ality that the set P = PLUP,U---U Py is in general position. As mentioned before,
every bisecting hyperplane must contain at least on point from each P;. If P is in
general position, then a hyperplane can contain at most d points of P. Therefore,
a bisecting hyperplane must contain ezactly one point from each P;. Therefore, the
number of bisecting hyperplanes is finite and we can count it. Theorem is a
consequence of the following more concrete theorem.

THEOREM T7.8. Let Py,..., P, be finite sets of points in R?, each with an odd
number of points, such that P = PyU... Py is in general position. Then, the number
of hyperplanes that simultaneously bisect each P; is odd.
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Suppose that we are given the sizes of each P;. Let us find a configuration
of points Py, ..., P; that has exactly one common bisecting hyperplane. You may
want to skip this part of the proof to try it on your own (the essential part comes
after this).

We say that a set of point X is symmetric around =z € R? if y € X implies
that 22 —y € X (note that the midpoint of y and 2z — y is ). Another equivalent
formulation is that the translate X — x is centrally symmetric. If | X| is odd and X
is symmetric around z, then we must have x € X. Moreover, if X is an odd set in
R?, symmetric around x, and H is a hyperplane bisecting X, then z € H.

If we take an odd set of points X that is symmetric around x, and we perturb
every point of X except x a bit so that the resulting new set is in general position,
we still have that the only bisecting hyperplanes are those that contain x.

Lemma 7.9. Given d odd positive integers ni, . ..,ng, there exists finite sets Py, ..., Py
in R? such that P = P, U ---U Py is in general position, |P;| = n; for each i, and
there exists a unique hyperplane that bisects each P; simultaneously.

PRrROOF. The idea is to pick d different points p1, ..., pg in R?, and make each P;
concentrated enough around p;, and close enough to being symmetric around p; so
that the only hyperplane bisecting each P; is the hyperplane Hy = aff{p1,...,pa}-
Note that if P; is symmetric around p;, then any bisecting hyperplane of P; must
contain p;, so Hy is the only hyperplane simultaneously bisecting each set. The rest
of the argument is to show that we can also impose general position on the union
of the set P; so that we don’t create any new bisecting hyperplanes.

Let us start with a few observations. First, since Hy was fixed by p1,...,pd,
which are set before constructing the sets P, ..., P;, we may assume that no trans-
late of Hy contains more than one point of any particular P; and denote by ng the
normal vector of Hy. We can further notice that there must be an € > 0 such that
for any hyperplane H whose normal vector satisfies ||n — ng|| < €, no translate of
H contains more than one point of each P;.

Now, by scaling each P; around its corresponding p;, we can make each P;
concentrated enough around p; so that any hyperplane that intersects each of
conv(Py),...,conv(P;) must have a normal vector n such that ||[n — ng|| < e.

We can now perturb all the points of P;\ {p;} for all 4, so that we we project the
points onto a line with direction vector n such that |n —ng|| < €, the median point
of the projection of P; is still the projection of p;. We use this small perturbation
to force general position on the set P =P, U---U Py. (]

Now we are ready to prove Theorem An illustration is provided in Fig.[7.4}

Proor oF THEOREM [L.8l Take Pi,..., P; as in the condition of the theorem,
p a point of Py, and let ¢ be another point in R?. Assume that {g} UP, U---U Py.
We are going to move p to ¢ continuously. For this, define p(t) = (1 —¢)p + tq. Let
Pi(t),..., Pa(t) be the sets of points at time ¢ (we have P;(t) = P; for ¢ > 2, and
Py (t) is constant except for the moving point).

At any point ¢, if Py(t),..., Py(t) are in general position, then the number of
bisecting hyperplanes is finite and we can count it. We will show that throughout
this movement, the parity of the number of bisecting hyperplanes does not change.
If we achieve this, then we can move the points one by one from their initial config-
uration to the one given by Lemma [7.9] which has a unique bisecting hyperplane.
This would conclude the proof.

We may further assume that there is a finite number of exceptional times ¢
when Py (¢),..., Py(t) is not in general position, and that at those exeptional times
there is a unique (d + 1)-tuple of points that is contained in a hyperplane.
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FIGURE 7.4. An illustration of the proof of Theorem If we
follow the top row, it shows how a bisecting line stops being bi-
secting. On the middle panel, we can construct B(t). The bottom
row shows what happens to H'(t), and it becomes bisecting line.
If we exchange the roles of the rows, it shows the analysis for a line
that becomes bisecting.

Let A(t) be a d-tuple of points, one from each P; that generates a bisecting
hyperplane (note that the arguments that follow work wether p(t) € A(t) or p(t) &
A(t)). Let H(t) be the hyperplane generated by A(t). If A(t) stops being a bisecting
hyperplane at time tg, it means that H(tg) must contain an additional point r(t)
from some P;. The hyperplane H (ty) bisects every P; for ¢ # j, and almost bisects
P; (the number of points of P; on the open half-spaces of H(to) differ by one).
Let s(t) be the point of A(t) from P;. We define a new d-tuple B(t) by replacing
r(t) from s(t) in A(t). Note that the hyperplane H’(t) spanned by B(t) satisfies
H'(tp) = H(tg). Moveover, r(t) changes on which side of H'(t) it is at time ¢.

Therefore, for sufficiently small e > 0, one of H'(tg —€) and H'(to + &) must be
a bisecting hyperplane and the other is not. If H'(tg —¢) is a bisecting hyperplane,
then the number of bisecting hyperplanes was reduced by two at t = tg, since we
lost H(t) and H'(t). If H'(to + ¢) is a bisecting hyperplane, then the number of
bisecting hyperplanes remained constant, as we lost H(t) but gained H’(t). An
analogous analysis shows that when a p-tuple A(¢) that did not induce a bisecting
hyperplane becomes bisecting, then the number of bisecting hyperplanes either
remains constant or increases by two. O

5. Problems of Chapter

Problem .1.Show that the set of closed half-spaces in R%, together with the empty
set and R® itself, can be parametrized with a d-dimensional sphere.
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Problem [7] .2. (Stone, Tukey 1942 [ST42|, Steinhaus 1945 [Sted5|) Let p1, pa, i3
be smooth finite measures in R%. Prove that there exists a circle that contains
ezactly half of each measure.

In this problem, by a smooth measure we mean a measure in which every line
and every circle is assigned measure zero.

Problem [7|.3. (Buck, Buck 1949 |BB49]) Let A be a convez set in R%. Prove that
there exist three concurrent lines that split A into six parts of the same area.

Problem [7] .4.(Uno, Kaneko, Kano 2009 [UKKO09]) Let p1, po be two finite mea-
sures such that each line has size zero in each measure. Show that there exist a
point p and two infinite rays starting at p (one vertical, one horizontal) such that
the resulting shape splits both measures by half. The vertical ray may go up or down,
and the horizontal ray may go left or right.

Problem [7| .5. Let py, ..., 1, be finite measures in R? and v € S¥=1. Assume
that every hyperplane has measure zero in each p;. Then,
e there either exists a hyperplane H orthogonal to v that halves each of the
n measures simultaneously or

e there exist a hyperplane H orthogonal to v and indices i',i in [n] such that
for the two closed half-spaces HT and H™~ defined by H we have

1
pi(HT) < iﬂi(Rd) and

o (H7) < us(RY)






CHAPTER 8

There and back again

“Where did you go to, if I may ask?’ said Thorin to Gandalf as they rode along.
To look ahead,’ said he.
And what brought you back in the nick of time?’
Looking behind,’ said he.”
— J.R.R. Tolkien, The Hobbit

1. About topological proofs

Our introduction to combinatorial geometry was with the three pillars: Carathéodory,
Helly, and Radon. In this chapter we revisit two, Helly and Radon, from a topolog-
ical point of view. While Carathéodory’s theorem also has topological extensions,
they are beyond the scope of this book [Holl6].

Historically, the topological aspects of combinatorial geometry developed along-
side its linear-algebraic counterparts. Even Eduard Helly, as early as the 1930s, was
proving topological versions of his theorem [Hel30]. Notably, the topological proof
of the colorful Radon theorem |Bér82]E| predates the linear-algebraic proof pre-
sented in Chapter [2| by several decades [Sob15|.

Perhaps the most intriguing cases are results for which only topological proofs
are known, despite the fact that the underlying problem is entirely linear-algebraic.
Examples include the colorful version of Tverberg’s theorem and the colorful ver-
sions of Helly’s theorem for matroids [KIMO05|.

2. Colorful Radon revisited.
Let’s recall the statement of the colorful Radon theorem from Chapter

THEOREM 2.2. Let F,...,Fy.1 be pairs of points in R?. Then, we can find
two disjoint sets A, B, such that each contains exactly one point from each F; and
their convex hulls intersect.

SECOND PROOF. We first represent every colorful simplex in R¢ with a d-
dimensional simplex in R, Let €1,...,e4+1 be the canonical basis of R4+,
We assign the points of F; to {—e;, e;} arbitrarily for each i. Then, each colorful
simplex in R? corresponds to a colorful d-dimensional simplex in R4+, If we take
the union of all these colorful simplices in R4*!, they form the boundary O¢ of the
octahedron

conv(—eq, e1,...,—€dt1, €dt1)-
We can map every facet of O to R? by extending the maps of the vertices linearly.
This gives us a continuous function f : 0% — R%, as depicted in Figure
However, the map

g: S¢ — 04
z = z/|z|h

IThe reference is a paper by Imre Béardny, which includes a proof by Lévész.

75
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]R,d+1 IRd

FIGURE 8.1. We can see how each facet of the octahedron corre-
sponds to a rainbow simplex in R2.

where ||z||; denotes the 1-norm of x is a homeomorphism (the inverse g~! looks
like “inflating” the octahedron to the sphere). Therefore fog : S¢ — R? is a
continuous function. By the Borsuk-Ulam theorem, there exists € S such that
flg(x)) = f(g(—x)) = f(—g(x)). The points g(x) and —g(z) are antipodal points
of the octahedron which are sent to the same point under f. They are sustained by
opposite facets of O%, which correspond to the two vertex-disjoint colorful simplices
in R? whose convex hulls intersect in f(g(x)). O

3. The topological Helly theorem

3.1. Motivation. Helly’s theorem exhibits an interesting property of inter-
section patterns of convex sets. However, one can ask if convexity is absolutely
necessary. It turns out that Helly’s theorem works for more general families of sets,
such as good covers of R?.

We say that a family G of sets in R? is a good cover if

e UG =R,
e every set in G is non-empty and contractible, and
e every non-empty intersection of sets in G is contractible.

The family of all non-empty convex sets in R? is a good cover. Every convex
set is contractible. The intersection of convex sets is convex, so if it is non-empty,
it is contractible.

The gist of the proof below is to look at critical non-intersecting families of
sets. Consider the case of having A\ + 1 convex sets in R? so that any A\ have a
non-empty intersection, but they don’t all have a point of intersection. What can
you say about the union of these sets?

As we can see in Figure[8.2] the unions of each of these families look like spheres.
For A = 1 we have two disjoint convex sets, which look like S° (two disjoint points).
For A\ = 2, our three convex sets form a cycle, so it looks like S (a circle). If we
keep in mind the last part of Figure the facets of a A-dimensional simplex
satisfy those properties, and this boundary is homeomorphic to S*~1.

A slightly simpler case is to look at sets Aj,..., A, in a good cover G with
non-empty intersection. It is a simple induction exercise to show that (J;_, A; is
also contractible. To see this for n = 2, it suffices to contract A; U A5, and then see
that the result is the cusp of two contractible sets, which is contractible as well.
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A=1 A=2 A=3

FIGURE 8.2. Three cases of families of A + 1 convex sets whose
intersection is empty but every A of them have a non-empty inter-
section.

3.2. Interlude: Mayer—Vietoris. Suppose we have two topological spaces
A, B. If we can describe A, B, and A N B, it makes sense we can describe A U B.
The Mayer—Vietoris exact sequence does precisely this if we want to describe the
reduced homology groups of these spaces. If you have not seen homologyEl before,
think of Hy, (X) as a group describing the k-dimensional holes of a space X. For
the d-dimensional sphere S we have

_ 0 ifk#£d
lﬂ@%:{z ik =d

As we deal with groups, we need to recall the definition of an exact sequence.
Given group H, K, and L and homomorphisms f: H — K and g : K — L, we say
that the sequence

HL K S
is exact if kerg = im f. Longer sequences of homomorphisms are exact if every
subsequence of three consecutive terms is exact. One particular case is that

0—>Hi>K—>0

is exact if and only if f is an isomorphism.
The Mayer-Vietoris exact sequence says that the long sequence

...= H,(A)®H,(B) - H,(AUB) = H, _1(ANB) = H, _1(A)®H,_1(B) — ...
is exact.

Example 8.1. Consider the top and bottom halves of a d-dimensional sphere,

A={xecS%: 2401 >0}
B={ze€S: 14 <0}.
We clearly have AN B = S, Each of A,B is contractible, so they have

trivial homology groups. Therefore H,(A) ® H,(B) = 0. By Mayer—Vietoris, this
means that the sequence

0— H,(AUB) = H, 1(ANB) =0
is exact. Therefore, the two groups I:In(A U B) and ﬁn_l(A N B) are isomorphic.

Therefore ﬁn,l(sd—l) ~ H, (8) for all n. This way we can compute the homology
of 8% inductively on d.

2The legalese: we work with singular homology over Z. There are a few reasons why working
over Zg would simplify our life.
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3.3. The topological Helly theorem.

Lemma 8.2. Let Ay,..., Ax;1 be a family of A\ non-empty open subsets of R?
such that the intersection of any subset of them is either empty or contractible. If
the intersection of {A1,..., Axy1} is empty and the intersection of any A sets in
{A1,...,Ax11} is not empty, then A = Ufjll A; has the same reduced homology
groups as S* 1.

PROOF. We prove this by induction on A. For A = 1, the result is clear. Assume
that the statement is true for A—1 and we want to prove it for A. Let A = Uj,\:1 A,
B=A,. Fori=1,...,\let B; :AimA)\Jrl.

The sets By, ..., By satisfy the conditions of the lemma for A — 1, so U;‘Zl B;
has the same reduced homology as S*~2. Moreover, AN B = Ug\zl B;. The set
B is contractible. Since ﬂ;‘zl A; # 0, each A; is contractible and their non-empty
intersections are contractible, then A is contractible.

In other words, A, B are two contractible sets whose intersection has the ho-
mology of $*~2. By Example AU B has the same homology groups as S*~1.

O

We are now ready to prove a topological version of Helly’s theorem.

THEOREM 8.3. Let G be a good cover of R*. Let F C G be a finite non-empty
subset. If every d+ 1 or fewer sets in F have non-empty intersection, so does F.

PRrROOF. Assume for the sake of a contradiction that the statement is false. Let
F’ be the smallest subfamily of F such that ((F' =0, and let A + 1 = |F’|. We
denote by A, ..., Axs1 the sets in F'. By the conditions of the theorem, we know
that A > d + 1.

By Lemma (U F’ has the homology of S*~1. Therefore, its homology group
of dimension A — 1 is non-zero. However, since it’s a subset of R?, its homology of
dimensions d and greater is trivial, giving us the desired contradiction. 0

4. The topological Radon theorem

4.1. Two proofs of the topological Radon theorem. Consider a set of
d + 2 points in R?. Each of these points can be identified with a vertex of A%+!,
a (d + 1)-dimensional simplex. Therefore, the set of points in R? is basically the
image of a map

fo : vertices(A4T) - RZ.
We can extend fj linearly to be a map
f: AT S RY,

Observe that for any face A of A%*! we have f(A) = conv{f(v) : v is a vertex ofA}.
This means that we can rewrite Radon’s lemma as follows.

THEOREM 8.4 (Radon’s lemma, disguised). For any linear map f : AT — R4,
there are two vertez-disjoint faces A, B of A%TY such that f(A) N f(B) # 0.

For example, in the case d = 2, this is saying that there are essentially two
ways of drawing a tetrahedron in the plane: there is either a vertex that is in front
(or behind) the drawing of its opposite face or there are two opposite edges whose
images intersect.

In 1976, Imre Béarany conjectured that, with this interpretation of Radon’s
lemma, maybe the linearity condition is not necessary; continuous functions should
suffice.

This is indeed the case, as he proved a few years later in collaboration with
Bajméczy.
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FIGURE 8.3. The Minkowski sum of a simplex K and —K in R?
is a cuboctahedron. The facets of the cuboctahedron correspond
to pairs of facets of K. Square faces are the Minkowski sum of two
edges (highlighted in the figure), triangular faces corresponds to a
facet in one summand and a vertex in another.

THEOREM 8.5 (Topological Radon; Bajmdczy, Barany 1979 [BB79]). For any
continuous map f : A1 — R?, there are two vertez-disjoint faces A, B of A%+1
such that f(A)N f(B) # 0.

We present two proofs of this result.

PRrROOF. Let K be a non-degenerate simplex in R?*!, which we use to represent

A1 Consider the polytope
P=K& (-K),

formed by the Minkowski sum of K and —K. See Figure for an illustration in
R3.

Every point in the boundary 0P can be written uniquely as x — y where x,y €
A+ are points in pairwise-disjoint faces of K (Problem (8|8 1)).

Therefore, we can consider the function

g:9(P) — R?
z -y fz) = fy).

By Problem [[1] the function g is well-defined and continuous. Moreover, since
OP is homeomorphic to S, and g is an odd function, by the Borsuk-Ulam theorenﬁ
there exists a point p € P such that g(p) = 0. If p = z — y for z,y in pairwise

disjoint faces of K, then f(z) = f(y), which is the conclusion we wanted.
O

In the proof above, we look at pairs of opposite faces and notice that we can
glue them together to obtain a polytope (for d = 2, a cuboctahedron), which is
homeomorphic to a sphere. Alternatively, we can start with a sphere (or, in this
case, an octahedron) and see how we can use it to parametrize pairs of points on
opposite faces of K. That is the main idea behind the second proof.

SECOND PROOF. Let Q%! € R%+2 be the boundary of a particular octahedron
centered at the origin. Formally,

O ={x = (21,...,2q10) : |z1] + ... + |Tay2| = 2}

The reason why we choose the sum to be 2 instead of 1 will become apparent later
in the proof, even though it does not matter much. Let vq,...,v412 be the vertices
of A4l For z € O we define

3Careful, it’s important that the homeomorphism between S% and AP preserves antipodality.
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I(z)={ie[d+2]:z >0}
J(x)={ield+2]:z; <0}
Now we construct two points A(x), B(x) in R**! defined as

a(z) = Z Z;

i€l(x)
Bla)=— Y
ieJ(x)

The number a(x),(x) are non-negative and their sum is 2. Also, J(x) = I(—x)
and (x) = a(—z). Now, we take the points

OERd-l‘l 1fI(x)=(Z)
Az) = a(z)f M ,ofx) otherwise
o(z)
0 € RIH1 if J(z) =10
B(z) = T M T otherwise
(ﬂ( )f ( 5(0) ) B )) th

This function is well-defined, as the input of f(-) in the definition of A(x) and
B(x) is a convex combination of vertices of O%*! that does not use opposite vertices,
and therefore a point in dO4T!. This way, A(z) = B(—z) and A(—x) = B(x).
These points are continuous functions of z.

Finally, consider

g: 0l 5 RIHL
x— A(z) — B(x).

This is a continuous antipodal map, so by the Borsuk—Ulam theorem, there must
be a point for which A(x) = B(z). This implies that a(z) = g(z) = 1, so

f Z v | = f Z (—zi)vi

il (x) i€ (x)

This is the overlap between two vertex-disjoint faces that we were looking for. [

4.2. Planar graphs and the topological Radon theorem. Planarity in
graphs is an important topic in graph theory. The combinatorial properties of
graphs that can be drawn on the plane so that vertex-disjoint edges remain disjoint
are abundant and surprising. For example, the famous four-color theorem is a
bound on their chromatic number. Therefore, characterizing planar graphs is an
interesting problem. There is a famous characterization by Kura‘covvskfl7 in terms
of forbidden graphs. In particular, there are two key non-planar graphs: Ks and
K3 3. The first is a complete graph with five vertices (it has all possible edges),
and the second is a complete bipartite graph with two components of three vertices
each (it has all possible edges between the components). A graph is planar if it
does not have a subgraph that is subdivision of K5 or a subdivision of K3 3

In this subsection we show that K5 and K3 3. The gist of the proof is a clever
argument by Blagojevié, Frick, and Ziegler |[BFZ14|, combining the topological
Radon theorem and the pigeonhole principle.

4n the next chapter we also talk about Kazimierz Kuratowski’s influence on fair division,
via the KKM covers of simplices; he is the “second K” in KKM.
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THEOREM 8.6. The graph K5 is not planar.

PRroOF. Consider the four-dimensional simplex A%, with five vertices. A draw-
ing of K3 is a continuous map from the 1-dimensional skeleton of K5 to R2. Let us
denote by T this 1-skeleton. This can be extended to a continuous map f : A* — R?
(see Problem . Given a point x € A* we can compute the distance dist(z, T)
(to do this, take the classic embedding of A* in R® and compute the distance there).
Then, consider a new function

h:A* 5 R3
x = (f(x),dist(z, T)).

We can apply the topological Radon theorem and obtain two points x,y in vertex-
disjoint faces A, B of A* such that h(z) = h(y). In other words, f(z) = f(y) and
dist(z,T) = dist(x,T). The second condition, dist(z,T) = dist(y,T") means that
either both x,y are in T or neither of them is in 7. Since A, B are vertex-disjoin
and there is a total of five vertices, at least one of them must have two or fewer
vertices. This means that at least one of x, y must be in T', so both are. This means
that the overlap we found consisted of two points in 7', where f coincides with the
graph drawing. O

THEOREM 8.7. The graph Kz 3 is not planar.

ProOF. This proof follows the same lines as the one above. Consider the five-
dimensional simplex A®, with six vertices. We can pair the vertices of K33 with
the vertices of A®. A drawith of K33 is a continuous map from a subcomplex of
AP to R2. Again, this can be extended to a map f : A5 — R2. Let X1, X5 be the
two triples of vertices of A’ corresponding to the components of K3 3. Now we can
consider two subcomplexes of A®:

T, the set of faces of A® that use at most one vertex of X,

T, the set of faces of A5 that use at most one vertex of Xs.

Now, consider the map
h: A% — R*
x — (f(x),dist(z, T1), dist(x, Ts)).

This map is continuous, so we can apply the topological Radon theorem. We
obtain two points x,y in vertex-disjoint faces A, B of A® such that h(z) = h(y).
As before, the last two coordinates imply that either both z,y are in T} or neither
is in T7, and the same holds for T5. Since X; has three vertices, at least one of
A, B must have one or fewer vertices of T}, which means that at least one of z,y
must be in T;. This means that both x,y are in 77, and both x,y are in T5. In
particular, O

4.3. The topological Tverberg theorem. Just as we wrote Radon’s lemma
in terms of linear maps from a simplex to R?, the same can be done with Tverberg’s
theorem.

THEOREM 8.8 (Tverberg’s theorem, disguised). Let AC=DE+D pe o simplex
of dimension (r —1)(d +1). Then, for any linear map f : AT=DE+D 5 R there
exist v pairwise disjoint faces of AT~V whose images intersect.

This was the result that Imre Bardny actually conjectured to hold even if the
linear map was replaced by a continuous map. Surprisingly, the result only holds
for prime powers.
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THEOREM 8.9 (the topological Tverberg theorem). Let r be a prime power and
A=V e g simplex of dimension (r — 1)(d + 1). Then, for any continuous
map f: AT=DEY L RE there exist r pairwise disjoint faces of AT+ ywhose
images intersect.

The case r prime was proved first [BSS81|. The version for r a prime power
was proved a few years later |[Oza87,(Vol96]. The reason for this is that the
topological tools, extensions of the Borsuk—Ulam theorem, require such conditions
to work nicely (similar to what happens in mass partitions). It turns out that
these conditions are necessary, as the counterexamples constructed by Frick show
[MW14l[Fri15].

The tools and techniques related to the topological Tverberg theorem exceed
the scope of these notes, but knowing about this problem is important in this area.
Out of the two proofs presented for the topological Radon theorem, it is the second
that is usually generalized to prove the positive cases of the topological Tverberg
theorem.

5. Problems of Chapter

Problem 1. Let K C R® be a simplex and P = K @ (—K). Prove that every
point in O(P) can be written as x — y in a unique way for some z,y € K in
pairwise-disjoint faces.

Problem 2. Let F be a finite family of convex sets in R%. Suppose that each
set in F is colored using one of d possible colors. We know that any two sets of the
same color intersect. Prove that there exists a hyperplane intersecting every set in

F.

Problem [813. Let T be the k-skeleton of A™, show that a continuous map f :
T — R? can be estended to a continuous map f : A™ — R,



CHAPTER 9

Fair divisions

One way to interpret the ham sandwich theorem is in the context of mathe-
matical economy. We have several players, and we want do distribute some goods
among them. Each player has a subjective opinion on value. For example, we can
split R, and player i measures the value of what they receive with a measure ;.
Formally, the value they assign to a set A C R? is u;(A). Players can disagree on
the value of a set since they each have their own measure.

Then, the ham sandwich theorem says that we can find a hyperplane so that
each of d different players agrees that both parts are equally valuable. This is
an example of a fair division problem. We aim to split some resources among
players and make such division as fair or agreeable as possible. Most mass partition
problems are fair division problems, but the set of fair division problems is much
larger. The preferences do not have to be given by measures.

1. Splitting necklaces

Let’s start by looking at fair divisions in dimension one. In this section, we have
two players (thieves in this interpretation) dividing the interval [0, 1]. We think of
the interval as a necklace that our two thieves just stole. There are m kinds of
pearls in the necklace, each with an even number of pearls. The thieves want to
cut the necklace into segments. Then, they will distribute those segments among
themselves so that each gets the same number of pearls of each kind, as in Figure
9.1l

A simple way of achieving this is to cut each pearl from the necklace and then
do a fair distribution. This solution seems wasteful. What is the minimum number
of cuts that the thieves require? It is possible that we first have all the pearls from
type 1, then all the pearls of type 2, and so on until we get all the pearls of type
m. We need at least one cut in each interval formed by pearls of a single type,
so in this necklace, at least m cuts are needed. Surprisingly, this is the worst-case
scenario: every necklace with m kinds of pearls can be distributed fairly with m
cuts.

The solution to this problem is topological, which is striking given that the
problem is completely combinatorial. The cuts should only depend on the number

FIGURE 9.1. An example of a necklace with six pearls of the first
kind, two of the second kind and two of the third kind. It can be
divided fairly using three cuts among thieves A and B.

83
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of pearls of each kind and their order. In this section, we solve the continuous
version, in which we have m measures in [0, 1]. The measures should assign a value
0 to any single point in [0,1]. The two versions are equivaleniﬂ so no generality is
lost. The continuous version was first proved by Hobby and Rice [HR65|, and the
discrete version by Goldberg and West [GW85,|AW86|. Alon later extended the
results for r thieves |Alo87], showing that (r — 1)m cuts are always sufficient.

THEOREM 9.1 (Hobby, Rice 1965 [HR65]). Let m be a positive integer and
M-y pom bem finite measures in [0,1]. Assume that p;({x}) = 0 for everyi € [m]
and x € [0,1]. Then, we can split [0,1] into m+ 1 or fewer intervals and distribute
them among two sets A, B such that

pi(A) = pi(B)
for all i € [m]

FIRST PROOF. As usual, we look for a way to parametrize the partitions. Given
a partition of the interval [0, 1] into m + 1 intervals I,..., ;41 (in this order)
distributed among the two sets let = (z1,...,Zmy1) € R™*! be a vector where
|xk| is the length of I, and

sign(x) = {— if I, € B

The sign is ambiguous for intervals of length zero, but we do not mind those. Then,
|z1|+. . .4|xk] = 1, s0 x € O™, the boundary of the (m+1)-dimensional octahedron.
Also, every point in this boundary corresponds to a distribution. If x corresponds
to a distribution, then —x corresponds to the same distribution where we just swap
the names of A and B. Now we construct a map

f:0™ —>R™
£ (i1 (A) — i (B), - i (A) — pim(B).
Note that f(—z) = —f(x) and that this map is continuous. Since O™ is
homeomorphic to an m-dimensional sphere, by the Borsuk—Ulam theorem this map
must have a zero. The zero corresponds to a fair distribution. O

SECOND PROOF. We can embed [0,1] in the moment curve in R™. The mo-
ment curve in R™ is a given by the embedding v : R — R™ such that v(t) =
(t,t2,...,t™). Our m measures in R! now give us m measures in R™, so we can
apply the ham sandwich theorem and find a hyperplane H simultaneously halving
each of them. By Problem [[[2] H N+~ has at most m different points, so it cuts the
curve into at most m + 1 different intervals. The intervals on one side of H go to
set A, and the others go to set B. O

2. Splitting cakes

2.1. Covers of simplices. Let us assume that we have to divide the interval
[0,1] among m players instead of two, but we are only allowed to make m — 1 cuts
(so each receives one interval). Partitions as in the previous section, where everyone
agrees that everyone gets the same value, usually do not exist. However, we might
be able to achieve enwvy-free distributions. In these distributions, everyone thinks
they received the best interval, although they may not believe everyone receives the
same value.

These are often called cake partitions. We think of the interval [0, 1] as a cake
to be distributed among the m guests. Since we only seek envy-free partitions,

11t takes a formal argument to show this.
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FIGURE 9.2. An example of a KKM cover of A?. Notice that
each edge only uses the colors of its vertices. Three points with all
possible colors are highlighted.

the preferences of the players can be much more general than those induced by
measures. We need the following conditions:

e Given a partition of the cake into r intervals, every player selects at least
one non-empty piece as favorite. Players are allowed to have more than
one favorite piece.

e The preferences are closed. In other words, suppose we have a sequence
of partitions into r intervals, which converges. If player i always lists the
j-th piece as a favorite, then they must do so as well in the limit partition.

The way we parametrize partitions is similar to the process in the previous
section. If x; is the length of the i-th piece, then the vector z = (z1,...,2,,) only
has non-negative entries whose sum is one. In other words, z € A™~1 an (m — 1)-
dimensional simplex. For example, in R, it’s the intersection of the hyperplane
r+y+z = 1 with the positive octant, so it’s an equilateral triangle. Let vy, ..., v,
be the vertices of A™~!. We also denote by F; the facet of A™~! opposite to v;.
In other words, it’s the set of points of A™~! ¢ R™ whose j-th coordinate is zero.

Now consider the preferences of a particular guest, Alice. Given a point
x € A™ ! Alice can tell us which are her favorite pieces. For j = 1,...,m,
we denote by A; C A™~! the set of partitions in which Alice prefers the j-th piece.
The conditions of the preference translate to the following properties of the sets
Al, N ,Ami

o for j=1,...,m, the set A, is closed,
o forj=1,...,m, we know A; C A"\ F}, and
. U;n:1 Aj =A™

The second condition says that Alice always prefers non-empty pieces, and the
third is that Alice is hungry (she always wants at least one non-empty piece of cake).
An m-tuple (Ay,...,Ay;,) as above is called a Knaster—Kuratowski-Mazurkiewicz
(KKM) cover of A™~1. An example is shown in Figure The combinatorial
properties of these covers were first studied in the early 20th century. Here is the
first important result on KKM covers.

THEOREM 9.2 (Knaster, Kuratowski, Mazuriewicz 1929 [KKM29]). Let m be
a positive integer and (A, ..., Am) be a KKM cover of A™~ 1. Then,

(A #0.

j=1
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An interpretation of this result is that for any hungry person, there is a partition
in which they do not mind which pieces they receive. As you already know about
colorful results in discrete geometry, let’s jump ahead and state the colorful version
of the theorem above.

THEOREM 9.3 (Gale 1984 |Gal84]). Let m be a positive integer. For i =
L...,m, let (A%,..., AL)) be m KKM covers of A™~t. Then, there exists a per-
mutation 7 : [m] — [m] such that

ﬂ A;r(j) £ 0.
j=1

If all KKM covers are the same, then we obtain Theorem The interpretation
of this result is that, given m hungry guests, we can always find a partition of the
cake into m intervals and a way to distribute the pieces so that everyone receives
one of their favorite pieces.

2.2. Interlude: Borsuk—Ulam, homotopic maps, and Brouwer’s fixed
point theorem. Homotopy is an important concept in topology. We have en-
countered and used it a couple times in this book without mentioning it explicitly.
Given topological spaces X, Y, we say that two continuous maps

folX—)Y
fliX—>Y

are homotopic if there exists a continuous map h : X x [0,1] — Y such that for
all z € X we have h(z,0) = fo(z) and h(x,1) = fi(x). It’s a standard exercise to
show that homotopy induces an equivalence relation on the set of maps between
two topological spaces, and homotopy preserves a significant number of topological
properties.

We say that f is null-homotopic if it is homotopy equivalent to a map that
sends all of X to a single point of Y. If Y is path-connected, we do not care to
which point X is being sent.

The goal of this subsection is to show a particular version of the Borsuk—Ulam
theorem. The Borsuk—Ulam theorem has a large number of equivalent formulations.
It’s quite useful to be familiar with a few if you are working on a problem in
topological combinatorics so you don’t need to waste time adapting the theorem to
your particular needs. We denote by B¢ C R? the d-dimensional ball of radius one
centered a the origin. Its boundary is S¢~1.

THEOREM 9.4. Let d be a positive integer and f : B* — B? be a continuous
map such that f|ga—1 : S — S97L If f|ga—1 is homotopic to an odd map, then
f is surjective.

PROOF. We assume that the conclusion fails and seek a contradiction. Let f
be such a map that is not surjective. We may assume without loss of generality
that f(x) # 0 for all 2 € B? (double-check this argument, you may need to use a
homotopy to prove it!). We may also assume that f|ga-1 is an odd map, rather than
homotopic to one. You can do this by considering an odd map g : S¢~1 — §-1
homotopic to f|ge-1. Using the homotopy, we can define a continuous smap in
the region between S?~! and 25971 that is equal to g on S?~! and to f(2z) for
T € %Sdil. Then, we extend this to a map on B? by mapping = to f(2z) for
T € %Bd.

Therefore, we can assume without loss of generality that f : BY — R?\ {0}
and that f|ge—1 : S971 — S9! is odd. Now we define a map f: 8% = R Recall
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that S C R, For x = (x1,...,7411) € ST we define
s if >0
f(.l?) _ f(zla axd) 1- LTd4+1 =
—f(=z1,...,—zq) ifzgy1 <0.

Since f|ga-1 is odd, the function above is well defined (we just need to check that
no problems arise if z44; = 0). Moreover, it would be a continuous odd function
f: 8% — R? without a zero, contradicting the Borsuk-Ulam theorem. O

We can dive a bit more into this kind of results. The key condition for us to
extend a map from S9! to S?! to a non-surjective map from B? to B? is whether
it is or not null-homotopic (see Problem . Therefore, one of the consequences
of this section is the following corollary.

Corollary 9.5. Let f : S* — 8% be a continuous odd map. Then, f is not null-
homotopic.

Of course, if you see the Borsuk—Ulam theorem in a standard topology course,
you probably know enough about the topological degree for the corollary above to
be trivial. We can also prove yet another classic topological result: Brouwer’s fixed
point theorem.

THEOREM 9.6. Let f : B® — B? be a continuous map. Then, there exists
x € B? such that f(z) = z.

PRrROOF. Assume for a contradiction that there exists a continuous map f :
B¢ — B? without fixed points. We construct a new map g : B4 — S9! as follows.
For each 2 € B?, consider the open ray starting at f(z) that goes through x. Since
x and f(z) are in B? the open ray must intersect S9! in exactly one point. Let
g(x) be this point. Note that for x € S?!, g(z) = z. The map g|ga—1 is the
identity, which is odd. Therefore, g would contradict Theorem O

2.3. Gale’s theorem. Now we prove Theorem [0.3] Recall that a KKM cover
of A™~1is an m-tuple of sets (Aj,..., A,,) such that

o for j=1,...,m, the set A, is closed,

e for j=1,...,m, we know A; C A™~ '\ F;, and

. UjL:I Aj =A™
We say that (Ai,...,A4,,) is an open cover of A™~1 if each A; is open instead of
closed. If (Ay,...,A,,) is a KKM cover of A™~! and § > 0, we can define

A;, ={zeAm!: dist(z, A;) < 6}

Then, if § is sufficiently small, the m-tuple (A}, ..., A},) is an open KKM cover of
A™~1, We prove a version of Theoremfor open KKM covers of A™~1. We leave
it to the readerﬂ to verify that, with the argument presented above, the version for
open KKM covers implies the version for closed KKM covers.

THEOREM 9.7 (Open version of Gale’s theorem). Let m be a positive integer.
Fori=1,....m, let (A},..., AL ) be m open KKM covers of A™~1. Then, there
exists a permutation 7 : [m] — [m] such that

m
w(5)
() A7 #0.
Jj=1
2As 1 write we leave it to the reader, the following quote echoes in my mind.

“You’ve become the very thing you swore to destroy.” - Obi-Wan Kenobi to Anakin Skywalker.
The Revenge of the Sith.
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PROOF. Fori,j € [m], let B} = A™~'\ A%, which is a closed set. For i,j € [m]
and z € A™71 let

1 )
L (z) = — dist(x, BY).
Fa®) = s i, ) )
Since (Ai,..., A%)) is an open KKM cover, the function above is well defined and

continuous. Now we construct an m X m matrix M (x) such that its entry myj; is
fij(z). The entries of M (zx) are non-negative and the sum of each of its columns
is 1. Let u = (1,...,1)T € R™ the vector with all entries equal to one. We define
foAmTt 5 Al
m

In other words, the j-th entry of f(x) is the average of the j-th row of M (x). By the
conditions on the covers, for each face o C A™~1 we have f(o) C 0. By Problem
the map f|gam-1 is homotopic to the identity. Therefore, by Theorem the
map f must be surjective. There exists an x such that f(x) is the barycenter of
A™~1 the point with all coordinates equal to 1/m.

For this value of x, the matrix M (z) is doubly stochastic. By Birkhoff’s theorem
(Theorem in Part |1, Chapter , it is a convex combination of permutation
matrices. In particular, there exists a permutation 7 : [m] — [m] such that m . >

0 for all j € [m]. This means that for all j € [m] we have = & B;-T(j), so x € A;T(j).

In other words, x is a point in the intersection of all sets A;-r(j ), as we wanted to
prove. U

3. Sperner’s lemma

There is an alternate way to prove Theorem (9.3 which does not require Birkhoff’s
theorem. It is also interesting since it shows that it is worth thinking about the
discrete versions of these problems.

We say that a triangulation T of A™~1 is a finite set of (m — 1)-dimensional
simplices such that

e their union is A™~! and
e For any two simplices 7y, 72 in T, their intersection is either empty or a
face of each of 71 and 5.

The vertices of a triangulation T is simply the union of the vertices of each
simplex in T. Now, assume that we have a color for each of the m vertices of A™~!
and a triangulation T of A™~1. A Sperner coloring of T is a way to assign a color
to each vertex v of T such that if v is in a face o of A™~1, then it has one of the
colors corresponding to a vertex of o.

A KKM cover induces a Sperner triangulation. If we have a KKM cover
(A1,...,Ap) of A™~1 and take a vertex v of T, we can assign color j to v if
v € A; (if v is in multiple sets of the cover, choose one of them). We can see that
this is indeed a KKM cover.

Lemma 9.8 (Sperner’s lemma). Let m be a positive integer, T be a triangulation
of A™~1 with a Sperner coloring. Then, the number of simplices o of T whose
vertices all have different colors is odd.

If we want to show that there is at least one simplex with all colors, we can
proceed in a similar way to how we proved the KKM theorem, avoiding Birkhoff’s
theorem entirelyﬂ but we aim for a simpler proof here.

3Note that Birkhoff is not needed to prove Theorem The technical bit for this approach:
a Sperner coloring induces a piecewise-linear map from A™~1 to A™~1 Why is it surjective?
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FIGURE 9.3. An example of a Sperner coloring of a triangulation
of A%, This coloring is induced by the KKM cover in Figure as
each vertex has the color it is on in that KKM cover. If we think
of every green-red segment as a door, the idea behind the proof of
Sperner’s lemma is evident: rooms with a single door up and the
exterior are paired up by “walking until you get stuck”

PROOF. We prove by induction on m that the number of colorful simplices is
odd. For m = 2, let v1,v, be the two vertices of the segment A'. Since we start
with color v; and end with color vy, the triangulation T" must have an odd number
of segments in which we change colors.

Now, assume the result holds for A™~2. Let vy, ..., v,, be the vertices of A™~1,
Consider the pairs (o, 0") where

e o is an (m — 1)-dimensional simplex in T,
e ¢’ is a facet of ¢ whose m — 1 vertices all have different colors and only
misses the color corresponding to v,.

We show that there is an odd number of these pairs. First, if ¢’ is in the boundary
of A™~1 it must be in F,,, the facet opposite to v,,. The triangulation T N F,,
is a triangulation of F, (which is an (m — 2)-dimensional simplex). Moreover, the
Sperner coloring of T" induces a Sperner coloring on T'N F,,,. By induction, there is
an odd number of (m — 2)-dimensional fully colored simplices on T'N F,,.
For each (m — 2)-dimensional simplex ¢’ missing the color of v,, there are two
possibilities:
e we have ¢/ C F,,, in which case there is a single simplex ¢ such that
(0,0") is a valid pair,
e we have ¢/ ¢ F,,, in which case there are exactly two simplices o such
that (o,0”) is a valid pair.
Since there is an odd number of pairs of the first kind and an even number of
pairs of the second kind, the number of valid pairs is odd. Now, if we take an
(m — 1)-dimensional simplex o, the following scenarios can happen

e the colors of the vertices of o do not contain the set {vy,...,v;m_1}, so
there are zero valid pairs of the form (o, 0”),
e the colors of the vertices of o form exactly the set {vi,...,vm—1}, so

there are exactly two valid pairs of the form (o, ¢’) as exactly one color is
repeated two times, or

e the colors of the vertices of o form exactly the set {vy,...,Um—1,0Um}, so
there is exactly one valid pair of the form (o, o").

Therefore, there is an odd number of simplices of the third kind, which is the
number of fully colored simplices. O
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We need one last tool in this section: the barycentric subdivision. Let P be an
(m — 1)-dimensional polytope. A full flag of faces of P is a sequence Qo C Q1 C
Q2... C Qm-2 C Qm—1 = P of m faces of P such that the dimension of Q; is j for
all j. So @ is a vertex, Q1 is an edge, @2 is a two-dimensional face, and so on. If
P = A™7! it’s a simple exercise that there are exactly m! full flags of faces of P.

For a full flag Qy C Q1 C Q2... C Qm—2 C Qm_1 = P of P, consider the
simplex

conv{bar(Qp),bar(Q1),...,bar(Qm-1)} C P,

where bar(X) denotes the barycenter of X. If we take all simplices induced by
full flags of P, it induces a triangulation B(P) of P, which we call the barycentric
subdivision. Every vertex of B(P) corresponds to a face of P, so we can assign as
a label the dimension of that face. This means that every full-dimensional simplex
of B(P) has all labels from 0 to m — 1.

Given a triangulation 7' of A™~! we denote B(T) the barycentric subdivision
of T (we take the barycentric subdivision of every simplex in 7). This is a trian-
gulation of A™~! in which every vertex has a labeled from 0 to m — 1 and each
full-dimensional simplex has all labels.

SECOND PROOF OF THEOREM Let vq,...,vm be the vertices of A™~1L.
We introduce m colors, one for each of the of A™~1. Suppose that for all i € [m]
we have a KKM cover (A%, ..., A% ). Let T be a triangulation of A™~1. We take
its barycentric subdivision B(T'). For a vertex v of B(T) with label i — 1, we
assign it the color of v; if v € Aé (if there are multiple choices for j, we choose one
arbitrarily). This is a Sperner coloring of B(T).

Therefore, there must be a full-dimensional simplex o of B(T') with all the
colors. Since its vertices must have all the labels, this means that we can denotes
its m vertices uq, ..., um so that u; € A}T(J) for all j € [m]. We do this argument for
any triangulation T'. Therefore, if we take a sequence of triangulations so that the
diameter of the simplices converges to zero, we obtain the desired conclusiorﬁ O

4. Mass partitions via the KKM theorem

As shown in this section, KKM covers and their properties arise naturally if
we seek to find envy-free partitions. As mentioned in Chapter [7} the solutions to
mass partition problems often revolve around redutions to equivariant topology.
However, in some cases we can achieve similar results with Lemma or Theo-
rem Both examples in this section are in R?, as they involve special geometric
constructions.

4.1. Partitions into three convex cones. One way to generalize the ham
sandwich theorem is to study convex partitions of R?. A convex partition of R¢
into n parts is an n-tuple (Cy, ..., C,) of sets of R? such that

e for j =1,...,n, the set C; is a closed convex subset of R,
o for i # j, the set C; N C; has empty interior, and
o the union [Jj_, Cj is all of R

For example, for n = 2 the only convex partitions of R? are those by two
complementary closed half-spaces (in this case it is also convenient to consider R?
and () as the half-spaces generated by the “hyperplane at infinity”).

In the case d = 2,n = 3, the only convex partitions are those that look like
three convex cones that share an apex, or those made by two parallel lines.

A wide generalization of the ham sandwich theorem is the following;:

4Do you trust me on this? It sounds like you should double-check this last argument!
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THEOREM 9.9 (|[Sob12|[KHA14,BZ14|). Let n,d > 2 be two integers. As-
sume we are given d finite measures jii, jia, . -, g on R? such that every hyper-
plane has measure zero in each of p, ..., uq. Then, there exists a convex partition

(C1,...,Cp) of R® such that

pi(Cy) = pu(RY)  foralli € [d],j € [n].

There are a few proofs of the theorem above. Out of the three references
listed, the papers by Aronov, Hubard, and Karsev (2014), and by Blagojevi¢ and
Ziegler (also 2014) prove a much stronger statement, which they call the “spicy
chicken theorem”, following the tradition of naming extensions of the ham sandwich
theorem after food items.

The case n = 2 is the ham sandwich theorem. The case n = 2* for any k is
a simple consequence of the ham sandwich theorem. The next non-trivial case is
when n = 3. We are going to prove the case d = 2,n = 3. The constructions we
use below

PROOF. Consider the measures ui, ps. Given a point p in the plane, we are
going to make an “umbrella”. To do this, we draw a ray r, starting from p going
down, and then two other rays starting from p so that we have the plane split into
three (possibly non-convex) cones C7, Csy, C5 that divide pg into three equal parts.
We denote by C the cone left of r, that has r, as part of its boundary, and Cy the
cone right of 7, that uses r, as its boundary. The cone (s is the one that does not
use 7, as its boundary.

Let ¢, and ¢y the two vertical lines that split R? into three parts of equal -
measure so that ¢ is left of 5. As long as p is between /1 and /5, then Cy and Cs
are convex. Given a point p between ¢; and /5, if we move down far enough, then
C3 will be convex. If we move up high enough, then C5 will not be convex.

Let R be the region in the plane in which all three regions C, Cs, C'5 are convex.
Notice that RN ¢y is the part of the boundary of R in which Cj is a half-plane (the
one bounded by /1), the set RN ¢y is the part of the boundary of ¢s. (|

4.2. Partitions by two lines.

5. Problems of Chapter [9]

Problem @.1.(All—Russian Mathematical Olympiad 2005) You are given a collec-
tion of n baskets. In each basket there are some amount of apples, some amount of
oranges, and some amount of bananas. Show that, regardless of how much fruit is
in each basket, it is always possible to pick L%%J baskets so that you get at least
half the total amount of each kind of fruit.

Problem @.2. o Let g: S¥1 — S9! be a null-homotopic continuous map. Show
that there exists a map f : B — B? such that f|ga-1 = g and f is not surjective.
o Let g : BY — B? be a continuous map such that glga—1 : 4= — S9=1. If g is
not surjective, show that g|ga—1 is null-homotopic.

Problem @3. Let A™1 be a simplex with m vertices and f : OA™ ™1 — 9A™ 1
be a continuous function on its boundary. Suppose that for every face o of A™™!
we have f(o) C o. Prove that f is homotopic to the identity map.






CHAPTER 10

One step beyond Borsuk—Ulam

1. Equivariant topology essentials

So far, the scope of these notes in terms of topology has been limited to ap-
plications of the Borsuk—Ulam theorem. The vast number of applications of the
Borsuk—Ulam theorem is one of the reasons it has become the “poster child” of
topological combinatorics. Matousek’s book on such applications remains a key
reference in the area [Mat03]. Given a problem in topological combinatorics, be-
ing able to solve it using Borsuk—Ulam is sort of a gold standard: it will be appealing
to a large audience, yet it will most likely be non-trivial.

However, there are plenty of instances where we need more powerful tools. In
general, we are not always able to parametrize the objects with which we work with
a sphere, and the symmetries in the problem’s structure may be much more involved
than the examples shown in these notes so far. The extensions and generalizations of
the Borsuk—Ulam theorem that come into play in this case form part of equivariant
topology. Equivariant topology is the study of topological spaces equipped with a
group action (symmetry), and continuous maps between such spaces that respect
the symmetry.

In this chapter, we will introduce some notions of equivariant topology and
examples of extensions of the Borsuk—Ulam theorem. We will primarily focus on
Borsuk-Ulam-type theorems using Stiefel manifolds, as they have been used more
frequently in research, yet they remain very approachable. We are only scratching
the surface; equivariant topology is a rabbit hole that goes very deep.

As you likely have noticed, in the previous chapters our go-to toplogical space
is the d-dimensional sphere S¢. In each construction, the antipodal map = — —z
in the sphere plays a crucial role. This is an example of a group action. Given a
non-trivial group G and a topological space X, we say that G acts on X if for each
g € G we have a homeomorphism

fr: X=X

z = folx)

we often denote f,(x) simply as gz for convenience. This family of homeomorphisms
has to satisfy the following properties:

e The neutral element e € GG satisfies ex = x for all x € X
e For any two elements g1, g2 in G, g1(g22) = (g192)x.

You may see other texts asking for additional properties, but they can be
deduced from the two above. For example, consider Zs as the set {—1,1} with
multiplication. The antipodal map in S¢ is an action of Zs in S, where (—1)z = —x
for all x € S? That last equation may seem like a triviality, but we chose the
presentation of the group Zs precisely to make the notation easier (it is a good
exercise to write down this group action when we consider Zy as the set {0,1}
with addition modulo 2, to see how a good choice of notation makes a remarkable
difference).

93
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If X,Y are two spaces with an action of a group G, we say that a continuous
map f: X — Y is equivariant (or G-equivariant if there’s any risk of confusion) if
flgz) = gf(x) for all x € X and g € G. In other words, the map f “gets along”
with the group action. We often write f : X —¢ Y to make this explicit. A
reformulation of the Borsuk—Ulam theorem is the following.

THEOREM 10.1. Let n,m be positive integers. If n > m, there does not exist a
continuous Zsg-equivariant map f : S™ —z, S™.

Note that the action of the group is critical here, as we can always find continu-
ous maps from S™ to S™ for any m, n; just send everything to a single point in S™.
There are many Borsuk—Ulam-type theorems to uncover as we change the group,
the spaces involved, or the group action. Reducing mass partition problems to the
study of equivariant functions is a very efficient way to approach these problems,
which is called the test map scheme. The standard process is as follows.

e First, parametrize the space of partitions by a topological space X. We
call X the configuration space.

e Construct a space Y that tells you how the measures are divided. This
induces a natural map f: X — Y.

e Ideally, there is a group G of symmetries in the problem. This should
induce actions of G on X and Y so that f is equivariant.

e We study the properties of equivariant functions f: X —¢ Y.

The last step is a purely topological problem, so we can now focus on that part
of the problem.

1.1. Examples of configuration spaces. It might be instructive to show-
case how other groups appear in the test map scheme. Consider for example the
space X of partitions of R? into three convex sets.

The only way to partition R? into three convex sets is to use two parallel lines
or three rays coming from some point p. If we label the parts (C1, Ca, C3), we have
an action of S3 in X. If 7 : [3] — [3] is a permutation, we can define

7(C1,C2,C3) = (Cr1), Cr(2), Cn(3))
We can also consider an action of S in R2. If we consider
R2? = {(a1,a2,a3) € R®: 01 +as+as= 1}
Then we have a similar action of S3 in R?. Consider the following problem.

PROBLEM. What is the largest number k so that for any k finite probability
measures in R? there exists a partition of R? into three convex sets that splits each
measure into equal parts?

If we use the test map scheme to solve it, the analysis boils down to the following
purely topological problem.

PROBLEM. What is the largest number k so that for any Ss-equivariant map
f:X —s, (R2)k there exists v € X such that f(x) = (1/3,1/3,1/3)%2

Of course, you have to define the action of S3 on (R?)* and define Y properly
to do this. The answer to the problem above is k = 2 [IUY98, BKS00,/Sak02],
although some work is done in advance to simplify the topological tools needed.

Mass partition problems showcase applications of topological results and mo-
tivate research on their extensions. If you find this topic interesting, it’s worth
looking at a comprehensive survey to see more applications of the test map scheme
[RPS22|. A curious consequence of the test map scheme is that we know much
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FIGURE 10.1. An illustration of a pair (v1,v2) in Va(R?).

more results when the group involved is Z,, or (Z,)* for some prime p. The topolog-
ical tools work better. This phenomenon often translates to conditions on discrete
geometry results in which some of the parameters have to be prime numbers or
powers of prime numbers. Such conditions are unexpected, and it can be a tough
problem to determine if they are necessary.

1.2. Dold’s theorem.

2. Stiefel manifolds and their symmetries

2.1. Definition and initial properties. Let’s introduce a particular space,
the Stiefel manifold Sy, (R?) for integers 1 < k < d.

Sp(RY) = {(v1,..., ) € (Rd)k :v1,...,0 are orthonormal. }

In other words, v1,...,v; are all unit vectors and pairwise orthogonal. For
example, for k = 1 we have S;(R?%) = S971, as we are only picking an element of
S4_1. On the other hand, for k = d we have S;(R¢) = O(d), the group of orthogonal
d x d matrices. To observe this, notice that the columns of an orthogonal d x d
matrix form a d-tuple in Sy(RY).

The set Sx(RY) has an action of (Z2)*. Again, we consider Zy = {—1,1} with
multiplication. Given A = (A1,..., ) € (Z2)* and v = (v1,...,v%) € Sk(R?) we
can define

v = ()\11)1, )\21)2, ceey )\k'l}k) € Sk(IRd)

This action is free.

The dimension of Si(R?) is equal to (d — 1) + (d —2) + --- + (d — k). To see
this informally, let us try to choose an element of Si(RY) by picking its elements
one by one. To choose v; we need a unit vector, so we pick an element from S%1.
To pick v, we need a unit vector orthogonal to vy. If we intersect S4~! with a
hyperplane orthogonal to v; through the origin, we get a sphere of one dimension
less ~ S92, Then, to pick vz we follow the same process and we have to pick an
element from S?~3. We continue until we pick an element of S%~* for v,. The sum
of the dimensions of these spheres is the dimension of the Stiefel manifold.
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2.2. Motivation. The reason for highlighting Stiefel manifolds among other
spaces is that they lie in a very particular spot within topological combinatorics. On
one hand, it is much easier to find geometric constructions that can be parametrized
with Stiefel manifolds. Therefore, theorems involving Stiefel manifolds are likely
to translate to interesting geometric results. On the other hand, Stiefel manifolds
are not connected enough to allow us to apply Dold’s theorem and get meaningful
results. This is perfectly sensible: if we want stronger geometric results, we should
not be surprised to be required to use more advanced topological machinery in the
test map scheme.

Historically, that is exactly what happened. Mathematicians proved many theo-
rems involving Grassmanian manifoldsﬂ7 which had striking consequences in combi-
natorial geometry. Moreover, the need to prove the results needed for Grassmanian
manifolds motivates the development of topological tools: characteristic classes of
associated fiber bundles, the definition of indices such as the Fadell-Husseini index,
spectral sequences, obstruction theory, etc.

As we mentioned in the previous section, there is a natural map Si(R%) —
Gr(RY). Therefore, if we revisit applications of the Grassmanian manifolds and we
use instead Stiefel manifolds, it may look like an overkill. We are keeping track of
additional information (an orthonormal basis of the spaces we parametrize) with
seemingly no benefits. The big surprise here is that some Borsuk—Ulam-type the-
orems with Stiefel manifolds are much easier to prove. Adding this additional
information allows us to circumvent the need to develop as much topological ma-
chinery (if our main focus is their applications to combinatorial geometry). In some
ways, it should evoke the situation in olympiad-style combinatorics problems where
adding more structure to a problem is the key to make an induction proof valid.

2.3. The Chan—Chen—Frick—Hull theorem. To state this theorem, for in-
tegers 1 < k < d we need one more space of dimension (d—1)+(d—2)+---+(d—k)
with an action of (Z3)*. This space is just R9™! x R%2 x ... x R¥"*. We can

denote an element of R4~! x - .- x R¥"* as z = (21, ..., ;) where x; € R4 for all
i. Then, for A = (A1,...,\x) € (Z2)* we can also take the diagonal action defined
by

A\x = ()\11‘17 oo, ..., )\kxk) S R x .- x R*F,
The origin in R?~! x --- x R4* is a fixed point, but the action is otherwise free
on R471 x ... x R¥=%\ {0}. Now we can state the main theorem of this section.

THEOREM 10.2 (Chan, Chen, Frick, Hull 2020 [CCFH20|). Let 1 < k < d be
integers. Every continuous (Zz)"-equivariant map f : Sp(RY) = (Za)* R x ... x
RY=F with the actions described above must have a zero.

If we set k = 1, then we guarantee the existence of zeros for all continuous odd
maps f: 591 — R, which is yet another form of the Borsuk-Ulam theorem.

There are several proofs of the Chan—Chen—Frick—Hull theorem. The proof
by Chan et al. involves the analysis of some new topological invariants related to
maps of products of spheres. If you are interested in index theory, the original paper
by Fadell and Husseini (where they introduced what we now know as the Fadell-
Husseini index) has essentiallyﬂ a proof of Theorem the main difference is
that Fadell and Husseini were interested in maps where the co-domain is R¥~* x
R4 x ... x R¥*. Another way to do this is to follow the same process we used

1Many other spaces have been used as well, but for the sake of this section we focus on those
involving Grassmanian manifolds.

2The full credit for the theorem should go to Chan et. al. I have similar situations used as
a reason to give part of the credit on a new result to old papers. We don’t give points in soccer
for rattling the woodwork, so why do it in mathematics?
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to prove the Borsuk-Ulam theorem in Section which we describe below. If you
are interested in the reach of such arguments, see Musin’s extension of those ideas
[Mus12|.

Given a space X with an action of a group G and an element x € X, we denote
the orbit or G-orbit of x as the set {gx : g € G}. The action of X is free if and only
if all orbits have cardinality |G|. The proof of Theorem is based on counting
the number of (Zs)*-orbits of Si(RY) that get mapped to zero. In particular, we
are interested in the parity of such orders. Before reading the proof ahead, it may
be a good exercise to see if you can adapt the proof of Section to this theorem.

PROOF. Assume we have a continuous (Zz)*-equivariant f : S(R?) — R4~1 x
-+ x R4, First, we construct a particular continuous (Zs)*-equivariant

fo: Sk(Rd) SR x o x REF
(U1,v9, ..., 0k) ¥ (T1,Za,...,2), with z; € R for all 4

In this case, we define z; as a vector made from the last d —i coordinates of v;. This
makes the function continuous and (Zs)*-equivariant. Let us analyze the zeros of
fo. First, if z; = 0, then only the first coordinate of v; can be non-zero. Since
v1 must be a unit vector, then vy = +eq, the first element of the canonical basis.
Since v must be orthogonal to vy, its first coordinate must be zero. Since x5 = 0,
the last d — 2 coordinates of vy are also zero. This leaves the second coordinate as
the only possible non-zero one, so again vy = fe3. We continue by induction and
get that v; = +e; for all 4. In total, there are 2¥ possible choices for the signs of
each of vq,...,vx, which gives us a single (Zs)*-orbit of zeros for fo.
Now we construct a new map

h:Sp(RY) x[0,1] - R x - x RIF
(v, 8) = tf(v) + (1 =) fo(v)

By construction, h(v,0) = fo(v) and h(v,1) = f(v) for all v € Sx(R?). The
dimension of dim(Sx(R%) x [0,1]) = 1 + dim(R4™! x --- x R¥%), so Z = h=1(0)
will be a 1-dimensional manifold provided h is generic enough. Its connected com-
ponents will be homeomorphic to circles or to segments. The segments must have
their endpoints in 9(Sx (R%) x [0,1]) = Sk (RY) x {0,1}. Note that the action of
(Z3)* on Sj(R?) induces a free action of (Zz)* on Z. This is because if h(v,t) =0
and g € Z&, we have

h(gv,t) = tf(gv) + (1 = 1) folgv)
=g(tf(v)) +g((1 = 1) fo(v)
=g(tf(v) + (1 = 1) fo(v))
= gh(v,t) = 0.
The third equality is due to the fact that each of the functions induced by
elements of (Z3)? on R4~! x - x R4~* are linear.
On the extreme Si(R?) x {0} there is a single orbit of zeros. Unless this is
connected in Z to an orbit of zeros on Si(R?) x {1}, there must be at least one

connected component I of Z that whose endpoints are two points (v, 0) and (gv,0)
for some v € f;(0) and some non-trivial g € Z5. Therefore, the homeomorphism

g: SHRY) x [0,1] — S¥(R?) x [0,1]
(v,t) = (gv,t)

would sent I to I (formally, g|; : I — I). But, due to the intermediate value
theorem, a map from a segment to itself must have a at least one fixed point,
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contradicting the fact that g cannot have free points (as the action of (Z2)* on
S(R?) x [0,1] is free.

As before, the proof assumes that h is generic enough, which is not always true.
Using the fact that Sy(R?) is compact (it is a closed subset of (S21)k), just as in
the proof of the Borsuk—Ulam theorem the map h can be approximated by generic
maps (Zz)*-equivariant maps and do not change in Sx(R%) x {0} [Tho54]. O

3. The central transversal theorem

The central transversal theorem is a common generalization of the ham sand-
wich theorem and the centerpoint theorem. It was proven independently by Zivaljevi¢
and Vreéica [ZV90] and by Dolnikov [Dol92|. Their proofs are a tour de force of
topological combinatorics. In this section, we show how the central transversal
theorem is a consequence of Theorem [10.2

First, let us define central transversals. Consider a probability measure p on
RY. In other words, u#(R%) = 1. This is not a strong condition, as every finite

measure v on R? is equivalent to a probability measure by scaling: we simply
declare j1(A) = v(A)/v(R?) for all measurable sets A.

DEFINITION 1. Let 0 < k < d be integers and p be a probability measure on
Re. We say that an affine subspace L of dimension k is a central k-transversal of

wif
n(H)
for all half-spaces H that contain L.

1
> -
Td—k+1

Let us look at two extreme cases. First, for k = 0 this is simply saying that a
point is a centerpoint of p. On the other hand, for k£ = d — 1, there are only two
half-spaces containing L, and the statement says that it is a halving hyperplane.

THEOREM 10.3. Let 0 < k < d be integers. For any k + 1 probability measures
on R? there exists a k-dimensional affine space L that is a central k-transversal for
each measure.

Again, in the case k = 0 this is simply saying that every measure has at least
one centerpoint (Rado’s centerpoint theorem), and the case k = d — 1 says that any
d measures share a halving hyperplane (the ham sandwich theorem).

The proof assumes that the case for k = 0 is know and involves a bootstrapping
argument. We proved the case k = 0 for finite sets of points, Theorem [2.4] (in Part
1 of the book). The version for measures is very similar, given as Problem

ProOF OF THEOREM [I0.3l Let s, ..., u, be k probability measures on R?.
We want to use Theorem [[0.2] Therefore, we want to construct a function f :
Va_k(R?) — RY x ... x R” related to the central transversals of our mea-
sures. Consider an element (vi,...,vq_x) € Vi_x(RY). We denote by M =
span(vy,...,vq—r). We want to construct its image (x1,x2,...,2q4—) Where z; €
R47 for all j.

Then, fori =0,...,k, let ,uf\/[ the projection of u; onto M. In other words, ,uf”
is a probability measure on M such that for every measurable set A C M we define
puM(A) == pi(ry/ (A)), where 7y : R — M is the orthogonal projection. The set
X of all centerpoints of M is convex. Therefore, if we denote by p the barycenter
of X, then p is also a barycenter of M. By the definition of a centerpoint, any
half-space (in M) that contains pM has at least u}-measure greater than or equal
to 1/(d—k+1). This means that 7, (p}) is a central k-transversal j;, orthogonal
to M.
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pt —p!
M — it

T To Ta—k

FIGURE 10.2. The first k& rows correspond to the vectors p} —
pdl, . .,pM — p}! as horizontal vectors according to the basis
V1,...,0q— of M. Each of the vectors z; with more than k entries
is completed with zeros.

Since (vy,...,v4_k) is a basis of M, we can write pM with its coordinates with
this basis. The first entry of each of (z1,...,74_x) will be the entries of p¥ — p)t,
the second entry of (1, ..., ;) will be the entries of p}! — p} and so on. We can
take it a step further and use the fact that (vi,...,v4—k) is an orthonormal basis,
so the j-th entry of pM — p}! is simply the dot product <vj,pZM —pd?). With this
in mind, we can say that the i-th entry of z; for i < k will be (pM — p}!,z;). The
rest of the entries will simply be 0. This is depicted in Fig. [10.2]

Let us first show that this map is equivariant. If we change the sign of any
v;, the subspace M does not change, so pM remains constant as well. Therefore,
all coordinates of x; change sign, while the coordinates of x; for j/ # j remain
constant.

The function is also continuous, as small perturbations to a measure result in
small perturbations to the set of centerpoints, and therefore a small perturbation
to its barycenter.

Due to Theorem the function has a zero. A zero in this function im-

plies that p}! = pM for i = 1,...,k, which means that all barycenters coincide.
In particular, 7, (pd!) will be a central k-transveral for each of the k + 1 given
measures. O

4. Splitting families of lines
5. Problem of Chapter
Problem 1.Let p be a prime number. Find a free action of Z, on SP~2

Problem 2.Sh0w that the centerpoint theorem (Theorem works for mea-
sures. In other words, show that for every probability measure . on R? there exists
a point p such that every half-space H that contains p also satisfies

1
H)> —
wH) 2 7

Problem [10}3. Let X be a topological space, and Y be the space of all possible
finite measures on R®. Suppose we have a function f : X =Y, we denote by pi, the
measure associated to x € X. Assume that for every measurable set A, the value
1z (A) changes continuously with A. Show that there exists a continuous function
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p: X — R? so that p() is a centerpoint of ji,. You can assume Problem|1(1.2, so
you don’t need to worry about the existence of p(x), just the continuity.



CHAPTER 11

Hints for the problems

1. Hints for problems in Chapter [7]

Hint 1.Embed R? into R4t via 7 — (Z,1). How can every half-space in R? be
represented by a half-space in R?*! whose boundary goes through the origin?

Hint 2.Embed R? into R? using a regular paraboloid. More precisely, consider
the map (z,y) = (2,y,2% +y?).

Hint [7]3.Consider the following construction. Take a direction v and a halving
line ¢, parallel to v. Then, start to rotate clockwise the direction until you reach
a new halving line £, such that each of the two opposite quadrants formed by /¢,
and ¢, have 1/3 of the area of A. Finally, from the intersection point p draw two
rays halving the areas in the two large quadrants. What happens as you rotate v?

Hint [7]4.Consider a down-wedge to be a wedge with vertical ray going down.
For each value of ¢t € R?, show that, with few assumptions on s, there exists a
unique down-wedge whose vertex lies on the line x = ¢ that bisects pp. Use this to
parametrize the set of bisecting down-wedges of p; with S?.

Hint [7].5.Think of a “sliding knife” argument, where you start moving a hyperplane
H until something happens.

2. Hints for problems in Chapter
Hint [8L1.

Hint 2.Let v be a unit vector in R%. Project all the sets of one family onto the
line with direction v going through the origin. Try to use Helly’s theorem, then try
to use the Borsuk—Ulam theorem.

Hint 3.If k < m, show that you can extend the map to T”, the (k+1)-dimensional
skeleton of A™, then use induction.

3. Hints for problems in Chapter [9]

Hint |§|.1. Represent each basket as a point in R3. Then use the ham sandwich
theorem.

Hint [9]2. e Use the homotopy between g and a map f that sends everything to a
point to construct a map from B¢ to S¢~ 1.

e Assume that the map misses the origin and reverse-engineer your construction
for the first part to exhibit the homotopy between g|ga-1 and a map that sends
everything to a point. Why are we not losing generality by assuming that the image
of g misses the origin?
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Hint [9}3. In this problem, giving the homotopy explicitly is much easier than
showing the existence by another method. Use the fact that the faces of a simplex
are convex sets.

4. Hints for problems in Chapter
Hint 1.Find a free action of Z, on RP~!\ {0}.

Hint [10.2.
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Solutions for the problems

1. Solutions for problems in Chapter [7]

Solution Iﬂ.l. Consider the embedding R? < R*! such that # ~ (z,1). This
make any half-space H* in R? embed into R%*! as well. Note how the unit sphere
5% in R4 sits just below this embedding. We can extend the boundary of H* by
taking its affine hull with the origin, giving us a hyperplane P in R¢*! through 0.
We can take the half-space that contains H ', which gives us now a half-space in
R*1. The normal vector to this half-space in the direction of H* is a vector in S¢.
We can see this construction depicted in Fig. [I2.1] where we take the half-sphere
contained in this half-space; the normal vector would be in the center of this half-
sphere. With this parametrization, the north pole (0,...,0,1) € R%**! corresponds
to the entire set R, and the south pole (0,...,0,—1) € R corresponds to the
empty set in R%.

Solution [7}2.Consider the map (z,y) — (z,y, v>+y?). This lifts R? to the regular
paraboloid II = {(z,y,y) : z = 2?4+ y?} in R®. Using this lift, the three measures
in R? become three measures in R3, so we can use the ham sandwich theorem in
R? and find a plane H that bisects the lifted measures. The final observation is
that H NII projects back to a sphere in R2. An illustration of this construction is
shown in Fig. [12:2] and Fig. [12:3]

If we want to prove this formally, note that H is defined by the equation
ax + by + cz = d for some real numbers a, b, ¢, d such that not all a,b, c are zero.
Then, the intersection IIN H projects back in R? to the points such that az + by +
c(z? +y?) = d. If ¢ = 0, this is a line (the degenerate case of a circle of infinite
radius). If ¢ # 0, then this can be rearranged to

9 @ s b d
-ty - ==
& & &

a\?2 b2 d a? b?
(++3) +<y+i) et e

which is the equation of the circle centered at (—a/2¢c, —b/2c) with radius (v4c?d + a? + b?) /2c.

FIGURE 12.1. Embedding R? into R4*!, then extending a half-
space in R? to a half-space through the origin in R%*!. On the
right-hand side, we have included the half-sphere contained in the
extension of H*. The vector v € S corresponds to H+.
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FIGURE 12.2. The regular paraboloid in R? with the plane z +
y + z = 1 intersecting it. See Fig. [[2.3] for another view of this
intersection.

FIGURE 12.3. The intersection from Fig. [12.2] viewed from above,
showing how the projection maps the intersection into a circle.

Second solution. Another approach is to lift R? to R? via the map (x,y) —
(2,y,1). Then do an inversion around the unit sphere centered at the origin. This
is the map 7 : ¥ — o/||9||?. Inversions have the nice property that they send spheres
to spheres (even planes, which here we consider as spheres of infinite radius). More
precisely, it maps

e planes through the origin to planes through the origin,

e planes not through the origin to spheres through the origin,

e spheres through the origin to planes not through the origin, and
e spheres not through the origin to spheres not through the origin.

The plane z = 1 is mapped to the spheres of radius 1/2 centered at (0,0,1/2). The
three measures on R? now become measures on that sphere, and therefore we have
three measures in R3. Again, we use the ham sandwich theorem and find a plane
H that cuts all three measures in half. Now, v(H) is a sphere, and therefore cuts
the plane z = 1 in a circle. This is the circle that bisects all three measure in the
plane.

Solution [7}3. Consider the following construction. Take a direction v and a
halving line ¢, parallel to v. Then, start to rotate clockwise the direction until you
reach a new halving line £,, such that each of the two opposite quadrants formed by
£, and £, have 1/3 of the area of A. Finally, from the intersection point p draw two
rays r1, 79 such that the areas in the two large quadrants. We can have r; halving
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T1

A

T2

FIGURE 12.4. An illustration of the solution to find three lines
divide a convex set into six parts of the same area.

the large quadrant on the left side of ¢, (using v to determine left/right), and ro
halving the large quadrant on the right side of ¢,. See Fig. for an illustration.

Now consider the angle from r; to ry that contains the direction v. If vy and 79
are in opposite directions, then we have the three lines we want. Otherwise, note
that the entire construction, and in particular the angle between r; and ro moves
continuously as we modify v. As we reach —v, we have the exact same construction,
except that the roles of 1 and ry are flipped. This means that the angle between
r1 and 79 is now supplementary to the initial angle. Therefore, by the intermediate
value theorem, at some point the two rays were pointing in opposite directions, as
we wanted to show.

Solution [714.

Solution [715. a

2. Solutions for problems in Chapter
Solution [8L1.

Solution 2. Let v be a unit vector in R¢ (alternatively, v € S4~1. Let ¢, be the
line that goes through the origin with direction v. Using orthogonal projections,
each convex set K in R? projects onto an interval K, in ¢,. Therefore, if we look at
all the intervals of the same color in £,,, we can apply Helly’s theorem and conclude
that their intersection is not empty. Moreover, since the intersection of a family of
intervals is an interval, we can denote by z; the real number such that x;v is the
midpoint of the interval of the intervals of the i-th color.
Now consider the function

f:87 5 RT!
v (T — Tgy T2 — Ty oo, Tg—1 — Td)

This function is continuous, as each interval changes continuously with v, and
therefore so does the value x; for each . This function is also odd, since changing
v by —v just changes the sign of z; for all i (as sets, ¢, = ¢_,, so changing v by
—v just changes which direction of this line we use as the positive one). Therefore,
by the Borsuk—Ulam theorem there exists a vector v such that f(v) = (0,...,0).
This implies that x; = x5 = --- = z4. In particular, the hyperplane H = {q € R%:
(v,q) = 1} intersects all the sets in F.

Solution [8l 3.
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3. Solutions for problems in Chapter [9]

Solution [9/1. For each basket, consider a point in R We can do this so that
no plane contains more than three points. Assign weights to each of those points
according to the amount of apples in them. This gives us a discrete measure p; for
the apples. With the same set of points, construct a measure po for the oranges
and a measure p3 for the bananas.

Since we have three measures, we can apply the ham sandwich theorem and
find a hyperplane H such that each of its two closed half-spaces contains at least
half of p1, o, 3. The plane H contains at most three points of the set, and one
of its open half-spaces must have at most half of the remaining points. The closed
half-space that contains this side has at most 3+ | (n — 3)/2] = |(n+ 3)/2] points.
These points represent a set of baskets that has at most half the total amount of
each fruit.

Solution @2. o Let H :[0,1] x S9! — S9=1 be a homotopy between f and a
constant map fo : St — S971. More explicitly, H(1,z) = f(x) and H(0,z) =
fo(z) for all z. We consider the map

g:B*— B!
L[ (Il ) ite o
foler) otherwise.

Note that fo(e1) = fo(y) for any y € S9~1, so choosing e; arbitrarily is not
a problem. This function is continuous. Moreover, g(z) € S¢~! for all x, so the
function is clearly not surjective.

e First, let us assume that g(x) # 0 for all z € B¢ (we’ll get back to this point
later). We use g to construct a homotopy between f = g|ge-1 and a constant map.
Consider the map

H:[0,1] x 8971 — g9-1

O a) s SO

9(\z)
This function is continuous and well defined since g(Az) # 0 for all (A, z) € [0,1] x
S=1. By construction, H(1,-) = f and H(0,2) = g(0)/|/g(0)]|.

If the image of g is missing some point p different from 0, then there are two
cases. First, if p & S?~1, we can consider an auxiliary homeomorphism r : B¢ — B¢
such that r(x) = z for all x € S?!, and r(p) = 0 (give an explicit construction!).
Then, the map r o g has the same behavior as g in the boundary and its image
misses 0, so we can proceed as before.

If pe S9! then f = g|ga—1 has its image in S?~!\ {p}, which is contractible.
Since the image of f is in a contractible subset of S4~!, the map f is null-homotopic.

Solution |§|.3. Let g : 9A™~ ! — OA™~! be the identity map, g(z) = = for all z.
We will show the homotopy between f and g explicitly. Consider
H:[0,1] x 9A™ 1t — gA™ 1
(A z) = Af(2) + (1= Ng()
Since f and g are continuous, this map (assuming it is well defined) is also
continuous. Additionally, H(0,-) is g(x) and H(1,-) is f(x), so it is interpolating
between the two maps we want. To show that the map H is well defined, we just

have to show that H(\,z) € JA™ ! for all valid inputs (A, z). If z € JA™ !, then
there is a proper face o of A™~! such that 2 € o. This means that f(z) € o and
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g(x) = x € 0. Since o is convex and X € [0, 1], we know that Af(z)+(1—-\)g(z) € o,
as we wanted to show.

4. Solutions for problems in Chapter

Solution 1.Consider the embedding RP~! < RP as the set of vectors (z1, ..., x,)
such that x; + --- + x, = 0. Note that there is a free action of Z, in this space by
cyclically shifting the coordinates. Formally, if o is a generator of Z,, we can define
o(x1,...,2p) = (Tp,o1,...,2p_1. This action also fixes the unit sphere SP~2 as a
set. Therefore, Z, has a free action on SP—2,

To view this action with p = 3, we simply get a rotation of 27r/3 radians in the
unit circle.

Solution [101.2.
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